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Abstract- In this paper in order to sttppress the
e-ffect of model uncertainties and disturbances, a robusl

feedback linearizalion control scheme -for a large class
of multi-input/multi-outpttt nonlinear syslents tvith
unknown modeling terms based on Lyapunov function
is proposed.
To verify the validity and efibctiveness of the designecl
method, the suggested technicpre has been applied to a
Twin Rotor system. The results of computer simu.lalions
with NATLAB on the complete sr)stem and
implementation on t'eal model for various ltpes of
inputs and dishrrbances have been presentetl. The
comparative sndy oJ'these resttlts with lhose obtained
i n no mi na I fe e clb ac k I i ne ar iz at io n c ontr o I arc h i te c tur e,
state feedback method and PID controller establishes
the performctnce ofthis nevv control schente

Keywords: Uncertain Nonlinear Systems, Robust
Feedback Linearization. Tlvin Rotor.

I Introduction
Feedback linearization is an approach to nor.rlirtear

control design rvhich has attracted a great deal of
research interest, but in the practice it suffers from two
major l imitations Il].

One shortcoming of this theory is due to that it relies
on a precise model of the system for exact cancellation
of rronlinear terms. Secotrd problenr cornes from the
fact that it requires cerlain structural and regularity
conditions such as involutivity or existence of relative
degree. Usually however, feedback linearization
control does not guarantee exact linearization aud
robustness in the presence of uncertainties. In tlie
control sense. two kinds of uncertainties could be
considered: modeling uncertainties including unknown-
model and environmental condition called disturbances
and parametric Lrncertainties [2].

An often strategy to deal with rnodel uncertainties is
to introduce sonte kinds of integlal action [3]. But irl
most cases it is not an easy task to prove tl.rat such

control strategy yields robust regr.rlation and signal
tracking in tlre presence of uncertainties. Besides, thele
does not exist a clear procedure to tulte the resulting
controller [4].

In the case of pararnetric uncertaitrties, adaptive
control has been used as a natural tool and interesting
solution. In 1999 adaptive control design method for
highly nonlinear
systems has been used with feedback linealization to
regulate the temperature of a bed reactor [a]. The

strategy is an input-output linearizing feedback control
scheme which invoives an uncerlainties dynamic
estrmator.

Consiclering the disabil it ies of adaptive methods l ike
to rnatching condition, considerable progresses have
been rnade in robust feedback linearization [5-8]. But
most of them are applicable for single input nonlinear
systems or just in the presence of parametric
uncertainties.

Irr tlre past decades, fuzzy logic coutrol, as one of the
most Lrseful approaches for collecting hr-tman
knorvledge and expertise appeared. Considering the
disabil it ies explained before for adaptive and robust
based methods, it has been used for plants that are
mathernatically poorly modeled or the model
r.rncertainty in the dynamics is either ttnkuown or
impossibte [9]. In sonre previous researches, adaptive
techniques were applied and adaptive Iuzzy feedback
linearization nrethods were sLlggested to gualatrtee
robr"rs tness [10-12]

Sliding control has been used as a secottdary
procedule with feedback l inearization method for
control ofuncettain nonlineal systems. ln [13] has been
shown that when feedback linearization control failed
to stirbiiize the uncertain systeni, by using a sliding
mocie control with ar.r appropriate choice of the sliding
surface, the uncertain system can be stabilized.

Li this paper we propose a robust noulinear
controllel for a class of MIMO uonliuear system based
on feedback l inearization approach. A robust terur has
been added based on lyaptranov furrction. The designed
controller has been applied on Twill Rotor model two
degrees offreedom (elevator and azimuth).

The work is organized as follows. Section 2 presents
a brief revier,v of the input-otrtput feedback
linearizationmethod ltr section 3 the mathenratical
model of Twin Rotor has been proposed. In section 4
the controller design based on f 'eedback l inearization
has been done.

Section 5 presents the modifications onthe basic
feedback lir.rearization method to suppress the effect of
rnodel unceftainties and ttnnteasltred distnrbances

In section 6 the r:esults of compttter sirnulation using
MATLAB and the implementation of the proposed

contloller ol1 a Twin Rotor model (laboratory

heticopter) are presented. Finally the work is closed

with conclusions in section 7.

2 FeedbackLinearization

The input-output feedback Iinearization technique is

based upon linealized relationship betweetl input and
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output. Without loss of generality, the multi-input (m)
multi-output (m) nonlinear system of the fonn belolv is
considered:

+ g ,,, \ x)u ,,, ( l )

the state vector ,  - f ,9 , 's  are

, 's  are smooth scalar

and output vectors are
by

u =1nr, . . . , r . t , , , ] t ' ,  y  = 1y r , . . . ,  ! , , ,  17 '  lboth e l " '  ; .
The input- output linearization of the system by

equation (l) is achieved by differentiating the outputs y
with respect to time until the inputs appeaf explicitly.
Thus, by differentiating y, we have:

! r =  L , h r * L ( L r , h r ) u , ,  J = 7 , . . . ,  m
(2 )

. ( r , - l ) ,  .  .
If Ls,L'; '  "hr(r) = 0 for all i , the inputs do not

appear in equation (2) and further differentiation shall

be repeated Assume thatl is the lowest integer such

that at least one of the inputs will appear in y'i,' , which

means:

v l )  =  L ' i h r+ f  L , , 11 ' i - ' h , s , ,

where t,n1.4 is called the Lie derivative of

tk;' h1x1 along the vector field f , and it is assumecl

that  for  at  least  onel ,  I  {  i  (  m,  Ls,L ' i lh t ( . r )*o

holds. This procedure is repeated for each output yr. ln

the above derivation if above conditions hold at.r= -ro,

\ to r,,(aorrespond toy, to y,,) are relative degrees for

the MIMO system defined by equation (l).
Define the matrix E as follow:

applying equation (6) to NllVlO system is given

(7)

after
Dy,

f ni'
t.
Lv, : t;t  =  f  ( . r ) +  g , ( x ) u ,

l t ,  
=  h , ( r )

j
l v ^  =  h , ( , )

wlrere xe l' is

After achieving the decoLrpled and linear nrodel, now
each control goal could be accessible applying
powerful linear control methods to equations (7) whicli
are l inear and decoupled.

3 Model Descript ion of Twin Rotor
Among autonomous flying systerns, helicopters have

particularly ir.rteresting dynamic features. The main
difficulties in designing controllers for them follorv
from. nonlinearities and couplings tl5] Ar.rother
problem is that the inputs are not directly applied
torques or tbrces.

Twin Rotor laboratory systenr has been shorvn
figurd

smooth vector f ields and ,,

functions in rl"' . The control
represented

/ ' t )

Figure l: Sketch ofthe helicoptel rnodel

The model consists of a body carrying two DC
motors which drive the propellers Tlie controls of the
system are the sLrpply voltages of t lre motors. Both
body position angles, i.e. azirnuth angle in horizontal
plane and elevation angle ir.r vertical plane are
influenced by the rotating propellers sinrultaneously.
The measured signals are the two positiou angles that
determine the position of tlie beam in space. A
dedicated I/O boaLd allows for control, measurements
and cornmunication witl.r a PC. The RT toolbox in the
N{ATLAB envilonment is used to oerform real-tirne
expenments.

3.1 Helicopter Body Dynamics in the
Horizontal Plane (Azimuth Subsystem)

Figure 2 shows a sketch of the helicopter body seen
fronr the above.

(4)

[ ; ;

where [v, ,...,v,,,] '  are the new set of inputs which

can be defined by designer. The resultant dynanrrcs

Figure 2: T,uvin Rotor seen fionr the above

By balancing the torques acting on the body in the
horizontal plane, as shown in figure2. it can be written:

I  ' n - r  - r' y f ' - t , ,

wnere,

/ . Azimuth angle (Rad), 1, : Mornent of Inertia (kg m)

X7 : Frictron torque(Nrn), 7, : Mairr rotor reaction torque (Nm)

7,, : Torque generated by the side rotor (Nm)

3.2 Helicopter Body Dynamics in the Vertical
Plane (Elevator Subsystenr)

(8 )

l \ t

the

(6)

If E is nonsingular for a given point,6 , then

(decoupling) control input I l] can be written as:

I  r in,1,7 I [,  
. l

u = -E-'  I  l* u- '  ( ' ) l  I
lL ' ' ;h,( . r )  I  1" , , . . ]
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Figure 3 shows a sketch of the helicoptel body seen
from the side.

but r, changes to 6. It ureans that the r:esultant controller

wil l  be in higher degrees and complex. As a

conseqLlence, the implementation wil l  be impossible

practically (because of sampling tirne constraints).

IVleanwhile in this methodology zero dynamics appear

which requires more cor.rsideration for stabi l i ty and

make more dif f icult ies. ln t l i is paper we have

considered another solut ion for above problem. We

consider two separate subsystems (e[evator arld

azimutb) which have ir.rterface otr each other and then

we wil l  design the control lel  trsing feedback

linearization method sepalately.

Theoreml. Assunre that the systetn 
'r  

= f  (x, u) ,

y = C(.r) has lelat ive degree r and i ts zero dynamics is

locally asyrnptotically stable. Let

d ( p ) =  P  + a , - , p '  
- t +  

. + c t t p + d . , ,  b e  a  H u r w i t z

polynomial. Then the state tbedback law

, = =)^ t- t,h\ r) - ct,, I L ;t h (.r) - .. - a,L,h(,r) + auh(.r))
L"L , '  h( - r )

leads to a locally asyrnptotically stable closed -loop

systerx. PLoof in [1].

4.1 Controller Design for Elevator Subsystem

The relative degree of elevator strbsystem derived
from equation (10) is 4 and this slistern satisfles the
feedback l inealization cotrdit ions Using the theoreml
and applying the resultant cotttroI law results the output
and control effort shown in figtrres 4.1.a, 4.1.b
(s i rnr , r la t ion wi th MATLAB),  4.1.c at rd 4.1.d
(imp lementatio n).

Figure 3: Sketch ofthe helicopter model seen from the side

By balancing the torques acting on tl-re body in the
vertical plane, as shown in figure3, it can be writtert:

t V = r t t + r t + r o - r f - r , , ,

where.

I// : Elevation angle (Rad), f,o: Gyroscopic torque (Nm) ,

T l. Friction torque (Nm), 1. . Ivloment of Inertra (kg m),

T,, Lift torque generated by the main rotor (Nnt),

f,. : Centrifugal torque (Nn).

T,, . Torqre generated by the mass ofthe body (Nm)

Combining the system denoted by equations (8), (9),
motors, propeller and sensors models yields the
complete helicopter body dynamics I14] in

f o r m , r  - -  f  ( t , u ) ,  y  =  g l x ) :

i t - . , . i ' t  
) ' t J + k 1 , , "  ( r , - , ( , c o s (  r , ) )  -  B r ) ' : +  a ' r . : + 6 '  r ,

)-" '  -" j '  -  
" ' ' ' ' 't r -

, r .  I
L r -  8 " . t .  - |  r .  1 . " ,  - , .  I '  o  r : :  +  h . r '  t
, ,  L  I

J : 1 u .  - , ,  -  2 i . , , ;
I - '

, r  I.,[^'" +'' ' ")
r r , r "  +  v "  )t ( ' ) = 1 , 1 , * , - r " . j  ( r o )

where,

ft, : Azinuth angle offset, /, : Azirnuth angle read by sensor

/r" . Azimuth angle offset, !, . Elevator angle read by sensor

/6r, : Elevatorconstant, !,,,"'. Azfnutlt angle ott'set

Zl, : Corrtrol voltages applred to rotors

4 Feedback Linea'rization Controller

In this section we tly to design a controller using
feedback linealization approach for Twin rotor. For the

first output /r (the elevator angle), relative degree is 4

and for the second output /, (the azimuth angle), it is

2 which cause the matrix E(x) mentioned by eqttation
(a) be singular and the control law described by
equation (6) could not be calculated. It shows that the
MIMO model of Twin Rotor is non-linearizable and
now in order to cope with this difticulty, dynamics
extension can be considered. It means that integlal
actions shall be added for some inputs. Applying this
method causes the relative degrees to change so that
results nonsingular E(x). For example we can add two

integlators for tt, which results nonsingular E(x),

(e)

Figure 4 l :  FLr control ler appl ied to Helicopter (Elevation
subs-vstern) [simulat ion and Implementation]

4.2 Controller Design for Azimuth Subsystem

The relative degree of azirnuth subsystem derived
from equation (10) is 4 and this system satisfies the
feedback l inearization conditions. Using the theoretnl
for controllel design and applying the lesultant coutrol
law results the output and control effort shown in
figures 4.2.a, 4.2.b (sirnulation with MATLAB), 4.2.c
and 4.2.d (iniplerrrentation).

'  Feedback Linearization
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Like to elevatol controller', fol both simulation and
implementation on model, minirnum order linear
observer has been used. The set point has been changed
in simulation and implementation and tracking problem
has been considered for both subsystems. Meanwhile in
sirnulation the disturbance has been applied in tirne
135(s) to elevator subsystem and in tirne 168(s) to
azimuth subsystem.

As it  has been shown in f igure 4.3 when the centel of
gravity changes, a steady state errol'appears in outputs
which implies that nourinal FL n.rethod is not lobList
encountering internal disturbances. fvlore experirnents
have been done on model using FL control ler, show
that this control lel  is not robust encountering
unmeasured disturbances applied to system via hand
flaps to the body.

5 Robust Feedbacl< Linearization
In tl.ris section lve propose a control law including

feedback linearization controller and robust tenn
achieving from lyapunov fiurction to overconre the
effect of unknown parts of model and unllleasureo
disturbances.
Assume the SISO systeur in form:

, =  " f  ( . , r ) +  L f  ( - r ) + [ g ( . r ) +  L g ( . r ) ] u
y  =  h ( . r )

( l  1 )

where {,f(.r.r),Ag(x) show the modeling elrors and

unmeasured distr.rrbances I l6]. Assume the relative
degree of system to be r. Applying diffeomorphism

transforrnatio n d(.r) = (1 ,tl)' to equation ( 1 1 )
results:

l . -
l € r = 5 2  

\
I

I
l :
l ; , -  

=  i ,
I
l € ,  =  t - t . r ) +  L F ( . r . t )  t  I G ( . r l  +  L C ( . r ) l u

, )  =  q G , r t )  0 2 )

Now considering feedback linearization control lalv as
u = G-t ( "  -  F)  and apply ing i t  to  equat ion (12)

grves:

1 1 , ' : u + L F + L G G - t 0 - F )
l ' '
t "
l ry --  ( /G,ry )

The equations ( l3) can be wntten as:

) f  =  , E  +  b v  +  b ) . ( , r , v )  ( 1 4 )

1 .
l q  =  q l q  . 1 t  )

where , t ( . r ,v)  = LF+ LG.G- ' ( ,  -  1- l  and A,  b

are in Bmnovskey carronical fornr. We consider final
control larv includes robust and linearizing ternrs as:

v : v L + v 3 ( l  5)

v r, can be designed using contlol law by theorern 1. By

defining the error as:

Figure 4 2: FL controller applied to Helicopter (Azinruth
subsystem) [simulation and Lnplernentation]

As it lras been shown in figures 4.1.a and 4.2.a,
steady states error has been occurred in outputs because
of ignoring the interfaces of subsystems (uncertainties)
in controller design. Meanwhile both systems show low
robustness encountering to unmeasured disturbances.
The bad effect of interaction between two outputs of
systems is considerable when one of them changes
lnrplementation of FL controller has been done on
MIMO model of Twin Rotor using RT toolbox of
MATLAB and by taking 0.01(s) as the fastest sampling
time considering the bode diagrarn of subsysterns and
hardware constraint.

As it is slrown in figures 4.1.c and 4.2.c, steady state
error has been occurred both in elevator and azimuth
subsystems. Meanwhile large interaction between these
two subsystems is considelable when one of outputs
changes. It should be noted that using this controller
leads to low robustness encountering applied
disturbance caused by cl-ranging the position of the
gravity center of the body via related step rnotor. In
order to show the above statement, the experiments
have been done via proper control input applied to
relevant step lnotor. The result is presented in fi,qure
A 1

(1 3)

(1 6)"  
:1  -  iu ,  y . ,  = |yr . i , , , . . . . - ] . ' t - " l t

we call rewrite the equation ( l4) for error which gives:

e = , J " e + b v * + b 2  ( l  7 )

where ,4, = ,4 - blg 0,. . ., d , -rl .

Norv we suppose the lyapunov function

asV\e)=erPe,  where P is  the posi t ive def in i te

4

igure 4.3: studying the robustness of FL controller in the
presencc ofchanging the center ofgrnvity of nrodel
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answer of lyapunov equation: pA, + ,4! p + Q = 0

wtrele -Q is symmetric negative definite matrix
(assume -I).

Derivation of the considered lyapunov function is:

i ,  =  - n T e "  *  z e r  p b  ( v  *  +  . l )  ( 1 8 )

I  a l  ,
Assume thatl/"l < / . Now considering the worst case

in equation (18) results:

i .  f - t '  Q ,  + z e ,  P b  ( r n + r ) ,  e l .  P b  > o
/ '= 1'  

f - , 'Qe- l z r ' ' r t l , * - y )  ,  e 'Pbso

In order to have V..O,vo is obtained:

where d is positive constant. The above fornr for

robust term guarantees the negative ;

( /<-r 'Qe-a <0)  and g lobal  s tabi l i ty  achieved The

above form of robust term means lv *12 y .

Now inspired by the equation of )" and writing
recursrve equatlons we can write:

, ^ = [ - y ( r , t ) - & , € 7 P b > o  ( 2 0 )'  
I  y ( x , r ) + a , e ' P b < 0

ls. l<lt,r + ̂ G.(r '  O', - f l l* lno.c-' lr
Finally the / can be expressed as:

r( 'r , t) = I  L F +  L G . 6 ' ( r , .  -  4

Figure 5: Robust fbedback linearization method applied to
helicopter model (simulation results)

The powerful results of implementation of proposed

control ler on hel icopter have been sho"vn in f igule 6

G

Figure 6: Robust Feedback Linealization applied to helicopter
(implementation)

As it has been sholvn in figure 6, complete tracking
is achieved by uti l izing modified controller (Robust
FL). Meanwlri le overshoot and other system response
characteristics are better than FL controller

Using this controller leads to robustness
encountering the disturbance caused by changing the
position of the gravity center of the body. In order to
show the above statement, the experiments have been
done by changing the center of gravity via proper
control input applied to relevant step motor. The result
is presented in figure7.

Figure 7: RFL controllel applied to Twin Rotoencounteung
internal disturbance

As it has been shown in figure7 despite of what has
been obtained for nonrinal FL, systenr with the
designed controllel rejects the effect of disturbance
successfully. The clraracteristics of t inre response are
wel l .

(2t)

(22)
| (1- | ̂ G.(r' D I

In order to prevent the chattering the robust term can be
wnften as:

(23)

As it has been shown, inspired by the lyapunov
function and designing the robust term according to this
consideration, the error globally converges to zero. It
means that the output will track the desired input
completely and the steady state error will not occru'.
Meanwhile all of the state variables remain bounded.

All of the above statements can be written for MIMO
systems.

6 Simulations and Implementation

Using the controller designed in section 5, for both
subsystems and applying it helicopter model, both in
computer sinrulations and hardware implementation,
results the advantages we expected as goal. As it has
been shown in figure 5 (The disturbances have been
applied in 135(s) to elevator subsystern and in i68(s) to
azimuth subsystem) using the robust controller for
simulation with MATLAB, causes both subsystems to
overcorne the effect of model uncerlainties and
uumeasured disturbances. Steady state error has not
been occurred and overshoot is the lowest and other'
l'espotlse characteristics are better in conrparison with
nominal FL or l inear controllers.

-  l i f i r r ( . r . r )  + o t  .  1, '  er , l '  u
l e '  P b  I

+ 0 ( , t , t )+  a )  ,1 , '  e r , l< ,

E
,.
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Fol more clarification the result of applying a well
known industrial controller (PlD) is presented by figure
8. The coeffrcients ofthis controller have been adjusted
by manufacfurer as the best adjustrnent. lt can be seen
that tl"re results which obtained via our controller are no
worst that the PID ones. For otr controller the speed of
l'esponse is more that PID response, but it seems that
the PID resDonse is better than Robust FL in overshoot.
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Figure 8: PID controller applied to Trvin Rtrtor

Conclusion
In this paper we proposed a robust controller via

feedback linearization approach and lyapunov function
in order to overcome the effect of modeling errors and
unrneasured disturbances. The effectiveness of the
designed controller has been tested by applying to Twin
Rotor (laboratory helicopter) model. Analysis of the
results iudicated the good performance and advantages
(obviation the steady state error, rejecting the effect of
disturbances and desired tirne response) of the
proposed robust controller in comparison with nominal
feedback linearization or state feedback. Meanwhile the
results are no worst than what have been obtained by
welI known classic controllers like to PID. Of course
the obtained results indicated that the designed robust
controller was not successful in overcorning the
interaction effect of two outputs cornpletely.
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