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Abstract: In this paper, both stability and
stabilization of a class of linear time-varying
systems with multiple time delays are considered. A
new controller using statefeedbackfor stabilizing of
this class of systems is designed. A numerical
example is provided to verify the results established.
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1. Introduction

The important attention has been devoted to the
stability and stabilization of time-invariant linear
and nonlinear time delay systems as reported by[l].
Some research has been conducted towards the
stability and stabilization of linear time-varying
system with time delay in the statef1-3]; but in those
papers, the states delayed dynamic which may have
unbounded parameters were considered. In this
paper, we consider the system output as well as the
system states to have the unbounded parameters.
Obviously this case is not a trivial case of the work
which was done in[l-3].Thus the output would be of
the form y(t) = C(t)x(r; ,which C1r) is considered to

be unbounded, which implies that the system may
be unstable, even if all the system's states are stable.
This paper investigates both stability and
stabilization independent of the delays of a class of
linear time-varying delay systems. A new controller,
since the unbounded outputs are considered using
state feedback for stabilizing of such a class of
systems is designed.. In section 2, the stability and
stabilization of the plant under a point delay is
considered. In section 3, the method is
extended to cover the rnulti-delay systems.
Eventually, a numerical example is provided in
order to verifu the theoretical results.
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2. Plant model under a point delay

Consider the following linear time-varying system:
*(t) = tr01,;*(t) + A,(r)x(t - h) + B(t)u(t) (1 - a)

t'(t) = c(t)x(t) ( 1 -  b )

x ( t ) = r P ( t )  , - h < t < 0

where x(r) e E' is the state, er(/) e f is the

control input, y(t) e\1'" is the

output. Ao(t), A1U), B(t),C(t) are continuous

matrices in the interval [0, co) with appropriate
dimensions. C(/) is considered to be differentiable.
The initial value p(r) is continuous function in the

interval [-h,01.

2-1. Stabil ity

Consider the system:

i(t) = tro1s1x(t) + A, (t)x(t - h)

y(t) = C(r)x(t)

x ( t ) :AU) , -h< /<0
where .r(/) € 9f is the state, y(t) e 8." is the

output. Ao(t), Ar(t),C(t) are continuous matrices

with appropriate dimensions. C(t) is considered to

be differentiable. The initial value a@ is

continuous function in the interval [-h,01 .

Theorem l: System(2) is stable if there are positive

definite symmetric rnatrices P,*,(t),Q.,n,,(f) and

positive definite matrix K,*,,(t) such that one of the

followins two conditions holds:

( 2 -  a )

( 2 -  b )
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Conditionl:

Plty +,4' 6 r1l + p(t),4o (t) + p(t) A, (t) 1r (t) p(t) +

c r 1t1g1t1c 1t) + c7' (t)g(t)c (t1 +,tor 1tlcr (t)EUy @ +

c7' 1t1g1tyc 1t) + c7' (t)e(t)c (t) Aa @ +

cr (r)e7)c (t) At (D Atr @c' 1t1Eg1c 1t1 + 2 1 + K(t) = s

Condition2:

i1t1+,ao'' 61r1t1+
P(t)Ao(t) + c' 1t1g1tycqt1+
.4' 1tyc'1t1g(r)c(r) +

cr 1t1g1t1c1t1+
c7 (t)QQ)c(t)+

cr 1t1 g1t1c 1t) Ar(r) + 2 r

positive definite matrix M ef''*',the following
inequality holds[5]:

2  v rv ,  < r r '  Mr ,  +vr '  M- tv ,
Using the lemma, the equation(3) becomes

V(t) < x'1' (t)(rg1+ .no' g1rg1+ P(t)Ao(t) +

P(t)AlG)Atr (t)p(t) + Cr (t)Q(t)C(t) +

cr (t)e@c(t1+ Aor 1t1cr (De1)c(t)

+ cI' 1t1g1t1c(D + c7 e)QG)c(t)AoQ) +

ct (t)e(t)c(t)At(t)Atr' (t)c, (t)Q(t)C(t) + zl)x(t)

If the conditionl holds, we would have
v < - xr (r)K(r)x(r) < o
which implies that the system(2) is asymptotically
stable.

P(t)4(t)+

cr (t)e7)c(t)Alt)
< 0

The equalify
form:

(3) can be rewritten in the following

,tu' glrgy+ Pp\+

P(t)  Ao0) + Ct  ( I )QDC ( t )  +,1,' 1t1r1t1+ _ 2I
.a,' 1t7c' 1t1g(t)c(t)

Remark 2.1: Finite Difference rnethod can be used
to solve the conditionl numerically as well as it can
be seen in [4].
Proof: Consider the following Lyapunov-Krasovskii
candidate functional:

v (t ) = y t' (r )p (r )x (r ) + y, (t p (t ) y (t ) + z,l,lft 1r1ll' a r

Taking the derivative ofV(t) along the trajectory

(2) and using f =Cx +Ci ,we get
x = x(t), P = P(t),Q = Q(t), y = y(t),C = Ctt)
y =(t tox+.<,x(t-n1) '  fx+ xl  Px+ xr P(Aox+ A,x(t  -h))+

(cx + c(,to* + a,xg - n))' gcx + x' C' gcx +

x'c'g(cx + c(Aox + A,x(t - n1))+zllxll' -zllxQ - fill'
v =x' Ao'' Px + x' 1t - hSA,'' Px + x' Px +

x'' PAox + x' PArxlt - h) + xr Cr QCx +

x' Ao'' c, gcx + x'. 7t - h1A,7'c,'ecx+

x'c'gcx + x'c'gcx + x''' C'' gcAox +

x' c, gcA,x(t - h)+ zllxll' - zllx(t - fill'z

v Q l =  P r  g

+ C7 (I)QQ)C (t) A,,(t)  + 2 I

,,1,' 1t1rg1+ -zl

A,' 1tyc' (qg@c(4

I x(r) I
where F(r)=l  "" \" '  

l .  t f  tn" condit ion2 holds,
lx(t - h))

we would have V(t) < 0,which implies system(2)
is asymptotically stable.
Corollary l: Consider the following linear tirne-
invariant system with time delay:
*(t7 = ,10*1,1+ A,x(t - h)

v(t) = Cx(t)

ttol 1t7c'1t1gOC(t)
+ c|' 1t;g1t1c1t1+
cr (t)e?)c(t)

P(t)At( t )+

c7 (t)e@c(t)At(t)

( a -a )

(4 -b )

F(t)

x ( t ) = r p ( t ) , - h < t < 0
The system(4) is stable if there are positive definite
symmetric matrices P,,n,Q,,.u, and a positive

definite matlix K,*, such that one of the following

two conditions holds:
Condition l:

Ar' P + PAo + PA,Arr P + Ao'c' gc + c' eCAu +

c' gcA,A,' c, gC + 2l + K = o

(3)

anyLemma:For any vectors v, ,v, e 8' and
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Condition 2:

2-2. Stabil ization
Theorem2 :Consider the system

-a
i ( t )= 101,1rr , )+ LA,( t )x( r  -  h , )+ B( t )u( t )  (5)

r = l

x ( t ) = t P ( t ) ,  h < t < 0

h = m u x { h t } , h i > 0  , l < i < L

wherex(f) e17' , t t( t)  ef i '  ,  A,(t), i  =0,1,2,.. . ,m , B(t)

are the matrix functions of the delayed dynamic of
appropriate dimensions, the initial vector rp(t) is a
continuous function given in the interval l-h,01. h
is the time delay.
Assume that the matrix fllnctions
At(t),i = 1,2,...,m are differentiable in

/ e !t*.Assume that
ranklM o1t ) ,  M,( t  ) , . . . ,  M,_,( t  o) ,1= n
where

t l
M oQ)  =  LB( t ) ,  A ,o  ( t ) , . . . ,  A . . "  ( t )J ,

A,."( t) :  e"h'  A,( t)

M oQ) = -Ao,oQ)M 
o-,@ + + M r-r | )  ,

dt
k  = 1 , . . . , k  - 1  ,  A o ' G )  =  A o G )  +  d I

Then the system(5) is a - stabilizablef2].
The following assumption is made on system(l):
Assumptionl : System( l) is stabilizable.
Theorem3:The system(1) with condition (Al) and

controller
n ( t )=  - ( t '  Q )p ( r )+  B '  ( t y '  Q )e ( tE  ( r ) ) x  ( r y

is stable if there are positive definite symmetric
matrices Pn*,(t),Q.,o,n-(r) and a positive definite

matrix K,*,(t) such that one of the following two
conditions holds:

(Condition l') :

P 14 + lo' 1ty e G) + p (t) Ao U) + p (t) A | (t) A tl' (t) p (t)
- 2 P (t) B (t) B ? (t) P (t) - 2 P (t) B Q) B r Q)C 

r (0Q (t) C (t)
-2cr (I)QU)C(t)B(DBr Q)p(D+ Cr U)e(t)C(t)+
cr (DQG)c(t)+ Ao7 (t)cr (t)e(t)c(t)+Cr Q)e(t)C(t)
- zcr e)eQ)C (t) B(D B7 e)Cl' @eU)C (t)

+ c r (t)Q(t)c (t) A u (t) + c 1 (t)Q(t)c (t) At (t1 A,' 1t1C' (t)Q@C (t)
+ 2 1  + K ( t ) = 0

(Condition2)

p l  L a r / ) a /

,to' g1 eg1 - zr, B(D 81 O P0)
- zct (08(t)C (t) BQ) BI (D P(r)
+ P(t)+ P(I)AQ)

- z P (t) B(r) Br Q)C 
r 
@eOC (t)

+ cr (t)QQ)C(t) + 4r @Cr (I)Q@CQ)

-zcr @eQ)c(t)B(DBr U)cr U)e@c(D
+ cr (t)OQ)C(q + Cr Oe(t)C(t)
+ Cr Q)e(t)C(t)A(t) + 2r

P(t)At(t) +

c'(t)e!)c(t)At(t)

< 0

1 l

A,r 1t1P1t1+
Atr (t)Cr (t)QOC(t)

Proof:Consider the following Lyapunov-
Krasovskii candidate functional :

v (t)  = x' '  l tyr l ty ( t)+ y'  ( tp(r)y (t)+2'I l l "  t  ) l l 'a '

Taking the derivativ e of V(t) along the traj'ectory

(1) and using 7 =Cx +Ci ,we get
x = x(t) ,  P = P(t) ,Q = QG),y = y(t) ,C = C(t)

Y =(Aox + A,x(t - h) + Bn)?' Px + *' ' P* +

*''' P(Aox + A,x(r - h) + Bu) +

(cx + c(ao* + A,x(t - n1+ au))'' gcx +

x' C' gcx + *' C' g(c, + C(,lox + A,x(t - fi + nu))

+ zllxll' -zllxs - n)l'

Using zr = -(u' , + B7 C' QC)x,we get
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/ = (t,x + A,x(t - h) - a(a' r + a' c' gc)r)' rt + x' i'x +

,' P(Ao* + A,x(t - h) - n(a' r + n' c' gc)*)+

(c, + c(eo* + A,x(t - h) - e(Br r + a' c' gc\))' qc*

+ x' C' pcx + x' C' 97Cx + C (Aox + A,x(t - h) -

B(Br P + B' Cr QC)x)) + zllxll'? - zllxlt - Dll' =

Ir = r' ,4o' P, + ,' 1t - h1A,' P, - x' PBB' Px - x'c'gcBBT Px +

x' Px + x' PAox + x' PA,x1t - h1 - x' PBB' Px
- t'' PBB'c'qcx + *'c'gcx + t' Ao'c' 2c, +

x' 1t - hyA,'c' eCx - xr PBB'c' gcx -

x'c'gcBB'c' gcx+ x'c' gCx+ xr cI gcx+

x'c'gcAox + x'c' gcAplt - h1- x'' c'gBB' Px

- x'c' gBB'c' gcr + zllxll' - zllxtt - Dll' (6)
Using the lemma, the equality (6) becomes
v < x' 1P1t1+ ,tu' glr1t1+ eQ)AoQ)+
p(t) A1 Q) A1r Q) p (t) - 2 p (t) B(D Br (D P(t)
- 2 P(t) B(t) 8T (DC r qg@C (t)
- 2cr Q)Q@c (t) B(t ) B I Q) P ( t) +

cr (t)gT)c (t) + cr (t)e?)c (t) +

en' plcr 1t1g1)c (D + cr U)7OC (t)
- zcr (t)QQ)c (t) B(t) Br (DCr Q)QQ)C (t)

+ CI (t)Q(t)C (t),4,, (t) +

cr (t)e7)c(t)At(t)At7 (t)c' 1t1g1tyc1ty+zt1x (7)

If the conditionl holds, the equality(7) tums to be

v< -xr(r)K(r)x(r)<o
This implies system(l) with controller

u = -@' P + nt Ct }C)x is asymptotically stable.
The equality (6) can be rewritten as
follows:
V(t) =

.t' g1 eg1 - z 4t1 a() a' O p (t )
- zc' 1tyg1t1cg1ag1a' pyrp1

+ P(t)+ P(t)Ao
-zeg;a1t1ar p1c'1t1g1t1C1t1 P(t)At(t)+

+ cr (t)QU)C(t) +,\' 1t\C' 1r1g1t\C1t1 c' (r)Q(t)c(r)4?)
- zc' 1r191t1C p1 a() Bt (t)Cr (t )Q(r)C (t)

+ C? (t)Q(t)C(t) + C' 1tSg1t1C1t1
+ Cr (t)Q()c(t)A\(t) + 2r

where  z r r i= [  "C)  l . I f  the  cond i t ion2 '  ho lds ,
lx (t - h))

again we end up with V(t) < 0,which implies that

system(1) with controller

u1t7 = -(a'  OP (t)  + Br l tpr ( tP ( t)C(r))x (r)

would be asymptotically stable.
Corollary 2: Consider the following linear time-
varying time delay system:
i(t) = 401,1*Q) + A,(t)x(t - h) + B(t)rL(t) (8)

x ( t ) = r p ( t ) , - h < t < 0

The system(8) with the controller tt(r) = -3t (r)P(/)

is stable if there are positive definite syrnmetric
matrix P(r) and a positive definite matrix K(r)

such that one of the two following conditions holds:
Condition 1:

P1r1+ z.o'' 1t)p0) + p(t)Ao7) + p(t)At(DAtI Q)P(t) -

2P( t )B(DB' t ( / )P( r )  +21+ K( r ;  =  I

Conclition 2: t

Corollary 3: Consider the following
invariant system with time delay:
i(t)= 710*1r)+ y'x(t-h)+ Bu(t)

y(t) = cx(t)

x ( t )= rp ( t ) , - h< t<0
The system(9) with the controller

n( t )=-(81 'P+Bt 'Ctgc lx(r )  is  s table i f  there are

positive definite syrnmetric matrices P,,",,Q,,". and a

positive definite matrix K,,*,, such that one of the

two following conditions holds:
Condition l:

Ao'' P + PAo + PA,A,I P + AoI c, gc -2PBB1' P

_ZpBB'r'CreC _CT7CBB1 p _2g1 eCBBl C't eC

- c'' gcBB' p + ct ecAo + c, gcA,A,' c'' QC *21 + K = 0

linear time-

( 9 - a )

(e-b)

e,' 7L1eg1+

4' 1t1c' 1t1g1t1C1t1

36



Condition 2'.

Ao' P + PAo + Aor ct'ec -2PBB1' P

-c' ecBB' c' P -zPBB'c' gc -

2cr ecBBr c'gc-c'gBB' P
+Cr gcAo +21

constant delay of the system. The initial value p(/)

is continuous function in the interval l-h,01. Z is

the number of the delays.
Theorem 3: The system(ll) is stable if there are
positive definite symmetric matrices

< 0 P,*,,(t),Q,n*, (r) and a positive definite

matrix R^,(t) such that one of the following two

conditions holds:
(Conditionl'):

i ,74+ .ao'  ( t )p(t)+ p(t)o"1,1*f  ,1t)A,(r)Atr  ( t )P(t)

+ cr (t)e7)c (t) + c'1 (t) Q@c (t) + e o''' 1t1c' 1t19@c (t)

+ c7' (t)e7)c(t) + c, (t)Q(t)c(t) AoG) +

lc' 1t1g1t1c(t)A,(r)A,' (DC' G)QG)c(I)+2LI + R(/) = 0

(Condition2'):

& t  d 2  a L

- 21  0  ' .  0

0 -210

0  0  ' .  - 21

where

x = Ao' G)P1t7 + P1t1+ P(t)Ao(t) +

cI (t)e7)c(t) + Aor (DCt U)Q(t)c(t)
+ cr 1t121t1C(r; + Ct (t)QQ)C(t) +

cr (t)QU)c(t)AoG)+zLI

a, = P(t)A,(t)+ C1',( t )QQ)C(t)A,(t)  ,  l<i< L

Prooft Consider the following Lyapunov-Krasovskii
candidate functional:

v (r) = lt (r) pg);r(r) + y'' 1t1g1ts y1t1 * zf 
' 
IIVG)ll' a,

i=1 t_hi

Taking it's derivation along the trajectory (11) and

using Y =Cx +Ci ,we get
L

v  =x 'Ar ,  Px+2" '  ( ,  -  h , )A , r  Px+ x '  Px+

,, 

'=t

x'' PAox * 
I 

r' PA,x(t - h,) + xt c' gcx +

t,

x' Au'c'gcx + l:rt 1l - h,1A,r cr gcx

PA, +

cr OCA.

A r r  P +

Ar'c'9c

3. Extension to multi-delav svstem

Now we will extend the case a .u,,,-d",u, system.
Consider the following linear time-varying system:

L

i(t)= t0111r1,)*I4(r)r(r - 4)+ B(t)u(t) (10-a)
j = l

y(t) = c(t)x(t) (10 - b)

x ( t ) = 1 0 1 1 ' , ,  h s t < 0

h = m a x { h ,  t \ , 4 r 0  , l < i < L

where x(t) e 11' ,u(t) e Sl' , y(t) e fr' .

AoU),At(t),B(t),C(t), i=1,...,L are continuous

matrices with appropriate dimensions. c(t) is

differentiable over the interval [0, *) . ft is the

constant delay of the system. The initial value g(t)

is continuous function in the interval l-h,01. Z is

the number of the delays.
The following assumption is made for system(l0):
Assumption2: The system(10) is stabilizable.

3-1. Stability

Consider the system:
L

i{r1 = '10 i11r, t) + ), AtQ\x(t - h,)

y(t) = c(t)x(t)

x ( t )=  rP( t )  ,  h  < t  <0

h = m a x { h } , h , > 0 , 7 < i < L

N I- 2 1

<0

z
7

d1

7-
a)

T
d L

(11-  a)

(11 -  r )

wherex(r) e!F' ,u(t) eF'' , y(t) effi' .

A\( t) ,A,( t) ,B(t) ,C(t) , i=1,. . . ,L are contrnuous

matrices with appropriate dimensions. C(t) is

differentiable over the interval [0, *) . & is the
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x, cr ecA,x(t - h) + 2Llvll' - zlllft - n)ll' 02)
i= l

Using the lemma, we have

rr,g7 < x'. 1t71i,1ty + to' 1t1p(t) + p(t)AoQ)
L .

+lrg1,t,1t)Alr G)p(t) + cr 1t1g1t1c1t1+

cr (t)eQ)c(t) + Aor (t)cr (t)e7)c(t) +

cr 1r1g1t1c1t) + cr (t)e7)c(t)AoQ) +
L

I c' 1t1g1t1c (t) A, (D Arr (DCr e)e7)c (t) + 2 LI ) x(t)

If condition 1" holds, we have
V < - x r 1 t 1 K ( r ) x ( r ) < o

+ x'c'gcx + xr cr ecx + xr cr gcAox +

That implies system(11) is asymptotically
finite time.
The equality (12) can be rewritten in the
form:

stable in

following

V(t) = 611 17

d\ uz
' - z Io
'o-21

: :
7 'oo

wnere

x = Ao, Q)P1t1+ i'1t1 + P(I)AG) +

cr (t)QQ)C(t1+ tol' 1t)C' 1t1g1t7C1t1
+ cr 1t)QQ)c (t) + cr (t)e@c (t) +

cr (t)g?)c(t)Ao?)+2Lr

a ,  =  P ( I )A , (D+Cr  Q)QQ)C( t )A t ( t ) ,  t < i  <  L

I x(r) I
a I t ) = l  "  I

lx(t 
- h))

If the condition2" holds, we have V(t).0,which
implies that the system(11) is asymptotically stable.
Corollary 4: Consider the following linear time-
invariant system with multi-point delays:

L

i(t) = tro*1,1 *l A,x1t - n, 1

v(t) = Cx(t)

x ( t ) = A Q ) , - h < t < 0

h = max{h,} ,h,  > 0,  i  =1, . . . ,L

symmetric matrices P,,,,Q,,,n d\d a positive

definite matrix-R,,, such that one of the following

two conditions holds:
Condition l:

L

Aul .P + PAo +lPAiA,r  P + Au'  c i  gc +
i = l

c'- ecAo + cr gcA,A,' c'ec +zLI + R=o
Condition 2:

where

N = Aor P + PA, + A,rr cr QC + ct QCA, + zLl

a, : PA, + Cl QCA,

3-2. Stabil ization I

Theorem4:The system(I0) with condition (A2) and
the contro l ler  t t l )=-(8,  Q)p( t )+Br ( ty t  (p( tyU))xQ)

is stable if there are positive definite syrnmetric

matrices P,,,(t),Q,n,,n(l) and a positive definite

matrix R,,,(t) such that one of the following two

conditions holds:
(Condition l'):

i,1t1+ ,tn' gsrq)+ p(t)Ao(t1*f r1t7,t,(t)A,t (t)p(t)

- 2 p (t) B (t) B' g1 r g1 - 2 p (t) B (t) B'' (t)C' (I)QG)C (t)
- 2c, (t)eG)C (t) B(t) B't (r)p(/) + c'' 1t1g1t1c 1t) +

c'' (t)e7)c(t) + A.'t (t)c' (t)e@c(t) + c, (t)Q(t)c (t)
-zcr Oe(t)c(t)B(DBr U)c, @e@c(t)
+ cr (t)e?)c0)4(r) +

L

lc. 1tyg1t1c (t) A, (0 A,7 Q)cI (t)e(t)c (t)

+2L I+R( r )=0

< 0

d l

a2

ar.

(13 -  a)

(r3 - b)

The systern(13) is stable if there are positive definite
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(Condition2"): v =(4,' * Atx(t - h) - n(s' c + n' c' gC).) l.' *
*' P* * *' P(4, * Ai(t - h) - n(n' e * a' c'qCl*)*

(cx * c(4, + ,e,r(t - D - B(ts' P + n' c' gc)r)f gc*

+ x' C' gcx + x' C' Q(c* n C(,to* + A,x(t - D - B(Br P + a' c' 7c\t))
+ zll{l' - zll*n - r)l' =
x',4' Px + x' 1t - h1A,' Px - x' PBBT Px -

x' C' 7CBB' Px + x' ix + x' PAox + x' c' gC, +

*' Au'c' qc* + x' 1r - hyA,' t:'- gcx - xr pBB'c' gcx -

x'c' gcR\l' c' gCx + x' ct 2cx + x' c'7cx + x' c' gcAox +

x' PA,t1t - h) - xr PBts, Px - x' PBB' Ct 2cx +

x'c'gcA,x7t - h1- xrct gBBr px- xt c'gBB'c'gcx+

zllfl' -zllxlt - nlll' (r4)
Using the lemma, the equality (1a) is
v 1t1 < x' (rXP(/) + tto' 1t1e1t7 + P(t) AnQ) +

L

I e6,t, (t) A,'1 (t) p(t) - 2 p(t) B(D B | @ pQ) -

2 P (t) B(t) 8l (t)C 7 (t)g(t)C (t) + C't Q)QU)C (t)
- 2c I' (t) e(t)c (t) B(0 81 e) p (t) + C'| (t) QG)c (t) +

cr (t)eQ)c(t1+ ,eur ltyct (t)e(t)c(t) \

- zcl' Q)eQ)c (t) B(D Br Q)c' (t)eTc (t)

+Cr ( I)QQ)C(/)ro(r)+
L

.Lc' (t)e(t)c(t) At(D Att U)c t Oe@c(t)

+2L I ) x ( t )=O (15 )

If the conditionl" holds, equality(15) is

V < - x' g;n14x1/) < 0,which implies that the
system( 10) with controller
u1t1= -(a'.6 p(r) + 81.(t)c't (t)e@c@b@ would

be asymptotically stable in finite time.
The equality (14) can be rewritten as follows:

I & t d 2 G L

d, '  -z I  o  . . .  o

v
L

T
al

T
q2

q) a2

-21  0

0  - 2 1

qL

0

0

a f-  z t

< 0

o r ' oo
where

r = Ao' Q)P(t) -2P(t)B(t)Br (t)P(t)
- 2cr Q)e(t)c (t) B(D Br G) P (t)

+ P1t7 + P(t)AoQ)
- 2P(t)B(t)B' 1t1C' 1t191t1C1t1
+ cr (t)e7)c(t) + Aor (t)c' 1tSg1t1c1t7
- 2c 1 

Q)QG)C (t) B(t) 81 (t)c r (t)e@c (t)

+ ct (t)Q(t)c(D + cr U)e!)c(t)
+ cr (t)e?)c (t) Ao G) + 2 Lr
q, = P(t)A,(t)+ Cr (t)QG)C(t)A,(t) , r< i < L
Note that this theorem is a generalized form of the
results in [2].
P roof: Consider the following Lyapunov-Krasovskii
functional candidate: 

, r
v(t) = vr 1v1p(r)x0) + y'1t1g1t1y(r) + zf [llx1r1ll'at

i=I  t_hi

Taking it's derivation along trajectory (10) and

using 7 =Cx +Ci ,we have

. ( - L ) '
V  = l  A"x+ )  A  x ( t -h , \+  Bu I  Px+ x '  Px+

4 " " 1
\ i = t /

l t \
x'  Pl  A^x +l  A,x(t  -  h,)  + Bu l+

l - l
\ j = l )

a)
(."*.[r," * f o,'1, - n,t. a,)) oCx + x' cr qcx +

,' c' e(c* * r(o*.E A,x(t - h ). B"))

+ zrllxll' - zill'o - n, Il'
using z = -(a'' r + n' c' gc)x.we get

s' (t 'o -z Io

dr '  o  o  -21

,9(/)
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where

z = Aor (DP(t) -2P(t)B(DBr U)P(t)
- 2c r (t)QG)c (t) B(D Br G) P(t)

+ P(/) + P(t)Ao(t)
- 2 P (t) B (t) B'' 1r7c' 1t1g1tyc 1t1
+ cr 1t7g1t1c(t) + Ao7 (t)c' 1tyg1t1c1t1
- zc' 1t1g1tyc 91 nitl a' g)c r G)eG)c (t)

+ c7 1tyg1t1c(t) + CT 1t1g(r)c(r)
+ c1 1t1g1t1c (t) AoQ) + 2 LI
a, = P(t)A,(t) + c' (t)Q(t)c(t)Att)

0() =lxQ), x(t - h,),..., x(t - h)f'

,  l < i < L

If the condition2"' holds, we have V(t)< 0,which
implies that the system(10) with controller
u1 t1  =  - (a ' '  Op( t )+  Br  ( tp '  ( t )QQY(r ) ) . r  ( r )  i s

asymptotically stable.
Corollary 5: Consider the following linear time-
varying system with multi point delays:

L

i(t)= tro(r)r(r) + la,1tSx1t - h) + B(t)u(t) (16)
i = l

x ( t ) = p ( t ) , - h < t < 0

h =max{h , } ,h ,  )  0 ,  i  =1 ,  . . . ,  L

The system(16) with controller u(t) = -gr 7r)P(r) is

stable if there are positive definite symmetric
matrices P,,*,,(t),Q,,,,,(t) and a positive definite

matrix R,*,(t) such that one of the following two

conditions holds:
Condition l:

i, 1t1 +,to'' 1t; p (t) + p (t) Ao 1t1 + f r 1t1,e, (t) A,r (t) P (t)

-zP(t)B(t)B' 91161+2LI + R(r; = s

Condition 2:

X q r q 2

d r '  - 2 1  o

dr '  o o

aL

0

0

- 2 1

where

r = j'U) + tor g1r1t7 + P(t)AoG) -

2 P (r) B(r) 81 (t) P (t) + 2 LI
a , = P ( t ) A , ( t )  , l < i < L
It is clear that these results are the same as [2]. It
shows that the results of [2] are a special case of our
results.
Corollary 6: Consider the foilowing
invariant system with multiple delays:

L

*(r1 = 1o*1,7 + ), A,x(t - h) + Eu(t) (17 -  a)

(r7 - b)y(t) = Cx(t)

x ( t ) = r p ( t ) , - h < t < 0

h = max{hi }  ,h ,  > 0,  i  =1,

The system(I7) with controller

rt(t) = -(Bt' P + Br CI'QC)x(r) is stable if there are

positive definite symmetric matrices P,",,Q.,,,and

a positive definite matrixR,,,, such thatlone of the

following two conditions holds:

Ao, p + pAo + pArArT p + Ao7 c, gc -2PBB1.P

- 2PBB'| Cr QC - Cr QCBBT P

-zc, ecBBrgt ec -c' gcaa' P +ct QCA,
L

+ LC '  QCATA:  C '  QC +2LI  +  R= 0

Condition

< 0

GL

0

0

'a 

f-  
L 1

v
L

T
q l

T

T
a L

dt dz

- 2 1  0

0  - 2 1

: :

0 0

< 0

where

r = Aol' P + PAo + Aol'c,9c -2PBB1 P
-c,gcBBrcr  P -2PBB7 c 'QC -

2cr ecBBr c'QC - c7'QBB. P + cT7cAo +2LI

a, = PA, +cr gCA,
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4. Numerical example

x ( t ) : t 2 , 2 f  f o ,  - 2 < t  < 0

It can be verified easily that both states and outputs
ofthe system are unstable.

We choose the following matrices that satisfy
conditionl of theorem 2 which implies
asymptotically stabilization of the system:

3 4 5 6 t E 9
tim€

the outputs of the system

Fig.2 the states of the system

We have simulated this system with the controller
we designed and the results are illustrated by Fig.l

and 2. These figures show that the both states and
outputs ofthe system are stable.

5. Conclusions

In this paper, we considered both stability and
stabilization problems of a class of linear tiure-
varying systems with time delay. We designed a
new controller for the stabilization of this class of
systems. It can be verified that the considered
system may be unstable if the system's states whole
are stable. A numerical example was provided in
order to show the results established.
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Consider the system:

iot=P 0\,at*(" '
\ 0  t )  \ 0
( e' o'\

v ( / )= [  o  r ) * t t t

,o-,). u -4*(*o -',)'u'

the
the

"c)=[i"" i],nu,=[";' r:,,]
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