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Abstract—With the progress of installing the latest generation
of FACTS devices, namely, the Convertible Static Compensator
(CSC) [1], several innovative operating concepts have been intro-
duced to the historic development and application of FACTS. One
of the novel concepts is the Generalized Unified Power Flow Con-
troller (GUPFC) or multi-line UPFC, which can control bus voltage
and power flows of more than one line or even a sub-network. The
GUPFC should have stronger control capability than the UPFC. A
mathematical model for the GUPFC consisting of one shunt con-
verter and two or more series converters is developed and imple-
mented in a nonlinear interior point OPF algorithm. Numerical re-
sults with various GUPFC devices based on the IEEE 30 bus system
and IEEE 118 bus system demonstrate the feasibility as well as the
effectiveness of the GUPFC model established and the OPF method
proposed.

Index Terms—AC transmission, FACTS, GUPFC, IPFC, optimal
power flow, power flow, power flow controller, SSSC, STATCON,
UPFC.

I. INTRODUCTION

A N INNOVATIVE approach to utilization of FACTS con-
trollers providing a multifunctional power flow manage-

ment device was proposed in [1]. There are several possibilities
of operating configurations by combing two or more converter
blocks with flexibility. Among them, there are two novel op-
erating configurations, namely the Interline Power Flow Con-
troller (IPFC) and the Generalized Unified Power Flow Con-
troller (GUPFC) [1], [2], which are significantly extended to
control power flows of multi-lines or a sub-network rather than
control power flow of single line by a Unified Power Flow Con-
troller (UPFC) [3] or Static Synchronous Series Compensator
(SSSC) [4].

In contrast to the practical applications of the GUPFC in
power systems, very few publications have been focused on
the mathematical modeling of this new FACTS controller in
power system analysis. A fundamental frequency model of
the GUPFC consisting of one shunt converter and two series
converters for EMTP study was proposed quite recently in [5].
While modeling the GUPFC in power flow, optimal power flow
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(OPF) analysis has not been reported yet. Therefore, in this
paper, a mathematical model of the GUPFC suitable for power
flow and optimal power flow study is established. In the past
three decades, techniques such as Newton method, sequential
linear and quadratic programming method, PQ de-coupling
method, etc. [6] have been used to solve optimal power flow
problems. The optimal power flow problem with the GUPFC in
this paper is solved by the newly developed Nonlinear Interior
Point Methods [7]–[9]. Experience with application of interior
point methods to power system optimization problems has been
quite positive.

The rest of paper is organized as follows: Section II estab-
lishes the mathematical model of the GUPFC. Section III for-
mulates the nonlinear interior point OPF algorithm. Analytical
solutions are derived for the initialization of the GUPFC vari-
ables in the nonlinear interior point OPF algorithm. Numerical
examples are given in Section IV, which demonstrate the com-
putational performance of the proposed OPF with the GUPFC
devices. General conclusions are given in Section V.

II. A M ATHEMATICAL MODEL OF THEGUPFC

A. The Equivalent Circuit of the GUPFC

The GUPFC with combing three or more converters working
together extends the concepts of voltage and power flow con-
trol beyond what is achievable with the known two-converter
UPFC FACTS controller [1], [2]. The simplest GUPFC consists
of three converters, one connected in shunt and the other two
in series with two transmission lines in a substation [5]. It can
control total five power system quantities such as a bus voltage
and independent active and reactive power flows of two lines.
Such a GUPFC, which is shown in Fig. 1, is used to show the
basic operation principle for the sake of simplicity. However,
the mathematical derivation is applicable to a GUPFC with an
arbitrary number of series converters.

In the steady state operation, the main objective of the
GUPFC is to control voltage and power flow. The equivalent
circuit of the GUPFC consisting of one controllable shunt
injected voltage source and two controllable series injected
voltage sources is shown in Fig. 2. Real power can be exchanged
among these shunt and series converters via the common DC
link. The sum of the real power exchange should be zero if
we neglect the losses of the converter circuits. For the GUPFC
shown in Figs. 1 and 2, it has total 5 degrees of control freedom,
that means it can control five power system quantities such as
one bus voltage, and 4 active and reactive power flows of two
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Fig. 1. Operational principle of the GUPFC with three converters.

Fig. 2. The equivalent circuit of the GUPFC.

lines. It can be seen that with more series converters included
within the GUPFC, more degrees of control freedom can be
introduced and hence more control objectives can be achieved.

in Fig. 2 are shunt and series
transformer impedances. The controllable injected voltage
sources shown in Fig. 2 are defined as,

(1.1)

(1.2)

where .

B. Power Flow Equations of the GUPFC

According to the equivalent circuit of the GUPFC shown in
Fig. 2, the power flow equations can be derived:

(2.1)

(2.2)

(3.1)

(3.2)

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

where .

C. Operating Constraints of the GUPFC

According to the operating principle of the GUPFC, the op-
erating constraint representing active power exchange between
converters via the common DC link is:

Re

or

(5)

The equivalent controllable injected voltage source bound
constraints:

(6.1)

(6.2)
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(6.3)

(6.4)

where .

D. Control Constraints of the GUPFC

The GUPFC shown in Figs. 1 and 2 can control the voltage at
bus and active and reactive power flows of line– and line – .
Suppose the sending ends of two lines are connected with bus

and , respectively. Therefore the active and reactive power
flows of the two lines at the sending ends are

. The voltage constraint of the GUPFC is,

where is the specified bus voltage.
In the implementation, the above equality constraint is re-

placed by the following inequality constraints,

(7)

where is a specified very small value.
The power flow control constraints of the GUPFC are,

(8.1)

(8.2)

where . are specified active and
reactive power flows, respectively.

III. N ONLINEAR INTERIOR POINT OPF

A. Formulation of the Nonlinear Interior Point OPF

Mathematically, as an example, an OPF for minimization of
the total operating cost can be formulated as follows,

Objective: Min .

(9.1)

Subject to the following constraints:

(9.2)

(9.3)

where

—coefficients of quadratic production cost func-
tions of generator.
—equality constraints including bus power flow
equations, operating and control constraints of
the GUPFC given by (5), (7), (8).
—inequality-constraints including line flow
constraints, simple inequality constraints of
variables such as voltage-magnitudes, generator
active power, generator reactive power, trans-
former tap ratio and bound constraints of the
GUPFC variables in (6).
—angle of shunt voltage source of the GUPFC

—magnitude of shunt voltage source of the
GUPFC
—angle of series voltage source of the GUPFC
—magnitude of series voltage source of the
GUPFC
—bus angle
—bus voltage magnitude
—tap ratio vector of transformer
—bus active generation
—bus reactive generation.

The nonlinear OPF problem given in (9) can be solved by
the Nonlinear Interior Point Methods [7]–[9], which include
three important achievements in optimization. Those achieve-
ments are Fiacco and McCormick’s barrier method for opti-
mization with inequalities, Lagrange’s method for optimiza-
tion with equalities and Newton’s method for solving nonlinear
equations.

By applying Fiacco and McCormick’s barrier method, we
transform the OPF problem (9) into the following equivalent
OPF problem,

Objective: Min

(10.1)

Subject to the following constraints:

(10.2)

(10.3)

(10.4)

where .
The Lagrangian function for equalities optimization for

problem (10) is

(11)

where are Lagrangian multipliers for constraints
(10.2), (10.3), (10.4), respectively.

The Karush–Kuhn–Tucker (KKT) first order conditions for
the Lagrangian function of (11) are,

(12.1)

(12.2)

(12.3)

(12.4)

(12.5)

(12.6)

where diag , diag , diag ,
diag .
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The Newton equation for the nonlinear interior point OPF al-
gorithm derived above may be expressed as the following com-
pact form,

(13.1)

(13.2)

(13.3)

where

By solving the Newton equation of (13), , , , ,
, can be obtained. Then the Newton solution can be

updated as follows,

(14.1)

(14.2)

(14.3)

(14.4)

(14.5)

(14.6)

where . are primal and dual step
length respectively. They can be determined by

(15.1)

(15.2)

for those .
The complementary gap for the nonlinear interior point OPF

is,

(16)

The barrier parameter can be determined by,

(17)

where , is the number of inequality con-
straints in (9.3).

B. Solution Procedure of the Nonlinear Interior Point OPF

In the practical solving of the equation (13.1), the variables
are explicitly eliminated from the above equation at

first. Then the remaining part, which includes variables such as
has the similar sparse structure as that of system ma-

trix in Newton’s method [10]. The remaining system equation
can be arranged as a light border and heavy border. The light
border consists of variables such as the GUPFC injected voltage
variables, transformer tap ratios, generator active and reactive
power injections, etc. The heavy border has 44 block struc-
ture with coupled formulation, which has the same sparse struc-
ture as that of bus admittance matrix. The remaining Newton
equation can be solved by first eliminating the light border as
the same manner used in the Newton OPF. Then block sparse
matrix techniques can be employed to solve the resulting heavy
border equation. This is the key idea not only for the imple-
mentation of the Newton method based OPF [10] but also for
the implementation of the nonlinear primal–dual interior point
OPF.

The solution procedure for the nonlinear interior point OPF
is summarized as the following:

Step 0) Set iteration count , , and initialize
the OPF solution

Step 1) If KKT conditions are satisfied and complementary
gap is less than a tolerance, output results. Otherwise
go to step 2)

Step 2) Form and solve Newton equation in (13.1), then
(13.2) and (13.3)

Step 3) Update Newton solution by equation (14)
Step 4) Compute complementary gap by (16)
Step 5) Determine barrier parameter by (17)
Step 6) , go to step 1).

C. Initialization of the Nonlinear Interior Point OPF

In the implementation of the nonlinear interior point OPF, the
initial state vector excluding variables of the GUPFC can be
chosen as a flat start or as the middle point between the upper
and lower bounds. Initial values for dual variables are discussed
in [6].

Good starting points for the GUPFC are helpful to improve
the convergence of the OPF algorithm. Suppose bus voltage,

, , are set to flat start values, obviously
, then we can find the following analytical solutions

in (18) for the initial values of , by solving two
simultaneous equations (8.1) and (8.2).

(18.1)

(18.2)

(18.3)
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where
With , , , , , known,

further suppose,

or p.u. (19.1)

then we can find the following analytical solution for the initial
value of by solving equation (5),

(19.2)

and define,

(19.3)

where .

IV. NUMERICAL EXAMPLES

A. Test Systems

Test cases in this paper are carried out on the IEEE 30 bus
system and IEEE 118 bus system. The IEEE 30 bus system
has 6 generators, 4 OLTC transformers and 37 transmission
lines. The IEEE 118 bus system has 18 controllable active power
generation, 54 controllable reactive power generation, 9 OLTC
transformers, 177 transmission lines. For all cases in this paper,
the convergence tolerances are 5.0e-4 for complementary gap
and 1.0 e-4 (0.01 MW/Mvar) for maximal absolute bus power
mismatch, respectively.

B. The IEEE 30 Bus System Results

In order to show the power flow control capability of the non-
linear interior point OPF algorithm proposed, four cases based
on the IEEE 30 bus system are carried out. In the discussion
thereafter, the control settings of active and reactive power flow
are referred to , , which are at the sending end of
a line. Active power flow and reactive power flow at the sending
end of a line are referred to , ( or ) since the
sending end of a line is connected to bus( or ).

Case 1) This is a base case without GUPFC.
Case 2) This is similar to the case 1 except that there is a

GUPFC installed for control of voltage of bus 12
and active and reactive power flow of line 12–15 and
line 12–16. The control setting of the bus voltage is
1.0 p.u. The control settings for active and reactive
power flow of line 12–15 and line 12–16 are 25 MW

5 Mvar and 10 MW 2 Mvar, respectively. The

TABLE I
TEST RESULTS OF THEIEEE 30 BUS SYSTEM

active power flow settings are about 150% of their
corresponding base case active power flow.

Case 3) This is similar to the case 2 except that second
GUPFC is further installed for control of voltage at
bus 10 and control of active and reactive power flow
of line 10–21 and line 10–22. The control setting
of voltage at bus 10 is 1.0 p.u. The control settings
of active and reactive power flow are 10 MW
6 Mvar and 12 MW 4 Mvar for line 10–21 and
line 10–22, respectively. The active power flow set-
ting of line 10–21 is about 60% of the corresponding
base case active power flow. While the active power
flow setting of line 10–22 is about 160% of the base
case active power flow.

Case 4) This is similar to the case 3 except that third GUPFC
is further installed for control of voltage at bus 6 and
control of active and reactive power flow of line 6–2
and line 6–8. The control setting of voltage at bus 6
is 1.0 p.u. The control settings of active and reactive
power flow are 60 MW 4 Mvar, and 10 MW

4 Mvar for line 6–2 and line 6–8, respectively.

The test results of the above cases are summarized in Table I.

C. The IEEE 118 Bus System Results

Case studies are further carried out on the IEEE 118 bus
system. Four cases are presented as follows,

Case 5) This is a base case IEEE 118 bus system without
GUPFC.

Case 6) This is similar to the case 5 except that there is a
GUPFC installed for control of voltage at bus 45
and active and reactive power flow of line 45–44 and
line 45–46. The control setting of the bus voltage is
1.0 p.u. The control settings for active and reactive
power flow of line 45–44 and line 45–46 are 40 MW

7 Mvar and 50 MW 7 Mvar, respectively.
Case 7) This is similar to the Case 6 except that there is

second GUPFC further installed for control voltage
of bus 94 and power flow of line 94–95, line 94–93,
line 94–100. The voltage control objective is 1.0 p.u.
The control settings for active and reactive power
flow of line 94–95, line 94–93, line 94–100 are
50 MW 5 Mvar, 50 MW 20 Mvar and

35 MW 10 Mvar, respectively.
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TABLE II
TEST RESULTS OF THEIEEE 118 BUS SYSTEM

Case 8) This is similar to the Case 7 except that there is third
GUPFC further installed for control voltage of bus
12 and power flow of line 12–3 and line 12–11. The
control settings for active and reactive power flow of
line 12–3, line 12–11 are 15 MW 4 Mvar and
40 MW 15 Mvar, respectively.

Test results based on the cases 5–8 are summarized in
Table II. In these cases, active power flow settings are over
125% of their corresponding base case active power flows.

D. Discussion of the Results

From these results on the IEEE 30 and 118 bus systems, it
can be seen:

1) Numerical results demonstrate the feasibility as well as
the effectiveness of the GUPFC model established and the
OPF method proposed.

2) The OPF with GUPFC can find a solution in reasonable
iterations. The number of iterations for an OPF solution
with the GUPFC devices is comparable with that of a base
case OPF solution, which can be found in Tables I and
II. It should be pointed out here that initialization of the
GUPFC variables based on the analytical solutions de-
rived in this paper is very helpful to improve the conver-
gence characteristics of the OPF.

3) The GUPFC is a quite flexible and powerful FACTS con-
troller. It can control bus voltage and active and reactive
power flows of several lines simultaneously. It may be in-
stalled in some central substations to manage power flows
of multi-lines or a group of lines and provide voltage sup-
port as well.

4) By using the GUPFC devices, the transfer capability of
transmission lines can be increased significantly. Further
more, by using the multi-line management capability of
the GUPFC, active power flows on lines can not only be
increased, but also be decreased with respect to operating
and market transaction requirements in an open access en-
vironment. In the cases 3) and 4) above, such scenarios
are simulated. Therefore, the GUPFC can be used to in-
crease transfer capability and relieve congestion as well
in power systems.

5) The OPF with global coordinating capability is a very
useful tool to minimize (or maximize) an objective while

satisfying power flow constraints, thermal constraints,
as well as the operating and control constraints of the
GUPFC devices.

6) The flexibility of the GUPFC with controlling bus voltage
and multi-line active and reactive power flows offers a
great potential in solving many of the problems facing
the electric utilities in a competitive environment. OPF
with the GUPFC FACTS devices would be a very useful
tool to operate and manage the electric power systems in
efficient ways.

V. CONCLUSION

A mathematical model of the Generalized Unified Power
Flow Controller (GUPFC), which is suitable for power flow
and optimal power flow study, is established. The model
with one shunt converter and two or more series converters is
implemented in a nonlinear interior point OPF. Further more
analytical solutions for the initial values of the GUPFC are
derived. With these starting points, the OPF can converge
rapidly. The number of iterations for an OPF solution with the
GUPFC devices is comparable with that of a base case OPF
solution without the GUPFC devices.

Numerical results based on the IEEE 30 bus system and 118
bus system with various GUPFC devices demonstrate the fea-
sibility as well as the effectiveness of the GUPFC model es-
tablished and the OPF method proposed. It is obvious that the
implementation principles of the GUPFC proposed can also be
used in modeling other members of the Convertible Static Com-
pensator (CSC) family in power flow and OPF analysis.

Clearly, the GUPFC can construct a multi-terminal (at least
3-terminals: bus shown in Figs. 1 and 2) sub-network,
which can control active and reactive power flows for a group of
lines and selected bus voltage within a substation to their speci-
fied objectives. This has significantly extended the voltage and
power flow control capability that was achieved by the indepen-
dent STATCON or SSSC or UPFC.

The strong control capability of the GUPFC with controlling
bus voltage and multi-line power flows or even a sub-network
power flows offers a great potential in solving many of the prob-
lems facing the electric utilities in a competitive environment.
OPF with the GUPFC devices would be a very useful tool to
operate, plan and manage power systems efficiently.
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