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Multiterminal Voltage-Sourced Converter-Based
HVDC Models for Power Flow Analysis

Xiao-Ping Zhang, Member, IEEE

Abstract—Two mathematical models for multiterminal voltage-
sourced converter (VSC)-based HVDC are proposed in this paper.
The first model assumes that all the converters are co-located in
the same substation while the second model is a general one, in
which DC network can be explicitly represented. For both models
proposed, primary converters basically have the ability to indepen-
dently control either active and reactive power or active power and
voltage of the terminals while the secondary converter of the mul-
titerminal VSC HVDC can be used to control terminal bus voltage
and balance power exchange among the VSC converters. In addi-
tion, theoretic and numerical comparisons between the multiter-
minal VSC HVDC and the VSC FACTS controller—the Gener-
alized Unified Power Flow Controller are also presented. Numer-
ical examples are given on the IEEE 30-bus system, IEEE 118-bus
system and IEEE 300-bus system.

Index Terms—FACTS, generalized unified power flow controller
(GUPFC), HVDC, power flow, SSSC, STATCOM, UPFC, voltage-
sourced converter (VSC).

I. INTRODUCTION

WITH THE advance of voltage-sourced converter (VSC)
technologies, a number of VSC-based FACTS con-

trollers such as the STATCOM, SSSC, UPFC, IPFC, and
generalized unified power flow controller (GUPFC) [1]–[3]
have been proposed. Among these VSC FACTS controllers,
the IPFC and GUPFC [1]–[4], which have the ability to control
active and reactive power on two or more transmission lines,
may be used in a major network substation in a power system to
effectively control power flows on specified transmission paths.

The success of application of VSC technologies in FACTS
has inspired interests to apply such technologies in HVDC trans-
mission. It was reported recently that VSC-based HVDC sys-
tems have been successfully installed in several electric utili-
ties in European Countries and U.S. [5]–[8]. However, it should
be pointed out that these HVDC systems are basically used for
back-to-back power transmission.

In contrast to the traditional thyristor-based HVDC system,
the VSC HVDC system has the following features: 1) it is very
easy to make multiterminal connections; 2) it has the ability
to independently control active and reactive flows at its termi-
nals; 3) in addition, it has the option to control its terminal bus
voltages instead of reactive powers; 4) the costs for filtering of
harmonics may be significantly reduced if suitable PWM tech-
niques are used; and 5) construction and commissioning of a
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VSC HVDC system takes less time than that for a traditional
thyristor-based HVDC system.

With the recent installations of a number of VSC Back to
Back (two terminals) HVDC systems [5]–[8] in electric power
systems, investigation of the control abilities and possible appli-
cations of a multiterminal VSC HVDC (M-VSC-HVDC) [9] in
electric transmission and distribution systems would be of great
interest. Before the practical application of the M-VSC-HVDC
in electric power systems, extensive research and development
need to be carried out to understand the steady and dynamic
characteristics of the M-VSC-HVDC. In light of this, the dy-
namic over-voltage problem of the M-VSC-HVDC was inves-
tigated [10]. Due to the fact that power flow analysis is one of
the fundamental power system calculations for power system
operation, control and planning, in this paper, the steady-state
modeling of the M-VSC-HVDC for power flow analysis will be
investigated.

The paper is arranged as follows. In Section II, a mathe-
matical model for the M-VSC-HVDC, in which all the con-
verters are co-located in a substation, is presented. The imple-
mentation of the M-VSC-HVDC model into the Newton power
flow algorithm is also presented. Theoretical comparison of the
M-VSC-HVDC with the GUPFC is also given. In Section III,
the model proposed in Section II is extended to a generalized
one, in which a DC network is explicitly represented. The im-
plementation of the generalized M-VSC-HVDC model in the
Newton power flow algorithm is also reported. In Section VI,
numerical examples are given to further confirm the theoretic
comparison results of the M-VSC-HVDC and the GUPFC. Fur-
ther numerical examples are presented to show the computa-
tional performance of the algorithm where the M-VSC-HVDCs
are incorporated. Conclusions are drawn in Section VII.

II. MATHEMATICAL MODEL FOR M-VSC-HVDC WITH

CONVERTERS CO-LOCATED IN THE SAME SUBSTATION

A. Operating Principles of M-VSC-HVDC

A M-VSC-HVDC shown in Fig. 1 consists of three con-
verters, which are connected with three buses via three
coupling transformers. The three converters are directly con-
nected with a common DC link and co-located in a substation.
Basically, the converters at bus and , which are considered as
primary converters, can provide independent active and reactive
power flow control. Alternatively a primary converter can also
provide active power flow and voltage control. The converter at
bus is considered as a secondary converter, which can provide
voltage control at bus and power exchange balance among
the converters. It should be pointed out that for simplifying
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Fig. 1. Schematic description of M-VSC-HVDC.

Fig. 2. M-VSC-HVDC equivalent circuit.

the presentation, the M-VSC-HVDC given in Fig. 1 consists
of only three terminals. However, in principle, the following
mathematical derivation will be applicable to a M-VSC-HVDC
with any number of terminals.

B. Power Flow Constraints of M-VSC-HVDC

Based on the operating principles shown in Fig. 1, the equiva-
lent circuit of the M-VSC-HVDC can be derived, which is given
in Fig. 2. In the derivation, we assume that: 1) harmonics gener-
ated by the converters are neglected and 2) the system as well as
the VSC are three phase balanced. Then each converter can be
equivalently represented at the fundamental (power system) fre-
quency by voltage phasor .

According to the equivalent circuit of the M-VSC-HVDC
shown in Fig. 2, suppose the bus voltage phasor is

, then the AC terminal power
flows of the M-VSC-HVDC may be given by

(1)

(2)

where . is the impedance
of the converter coupling transformer, and may be given by

. and are the resis-
tance and reactance, respectively, of the coupling transformer.

C. Active Power Balance of M-VSC-HVDC

The active power exchange among the converters via the DC
link should be balanced at any instant, which is described by

(3)

where represents losses in converter circuits. As sug-
gested in [11], each converter loss consists of two terms. The
first term is proportional to its AC terminal current squared, and
the second term is a constant. The former may be represented by
an equivalent resistance, and can be included into its coupling
transformer impedance. As suggested in [11], the second term
may be represented by an equivalent resistance in parallel with
the DC bus. However, considering that there is no explicit DC
network being represented in the M-VSC-HVDC formulation
here, the second terms of all the converters can be combined and
represented by which is included in the power balance (3).

as shown in Fig. 2 is the power exchange of
the converter with the DC link and given by

(4)

D. Voltage and Power Flow Control of M-VSC-HVDC

1) Primary Converters: Each primary converter has two
control modes such as PQ and PV, which are presented as
follows.

a) Control Mode 1: PQ Control: In principle, the primary
converters at buses and can be used to control the indepen-
dent active and reactive power of terminals and , respectively.
In the PQ control mode, the independent active and reactive
power control constraints are at bus

(5)

(6)

at bus

(7)

(8)

where are the specified active and reactive
power control references at bus while are
the specified active and reactive power control references at bus

.
b) Control Mode 2: PV Control: In the PV control mode,

alternatively, the primary converters at buses and may con-
trol voltage rather than reactive power. In other words, the re-
active control constraints of (6) and (8) may be replaced by the
following voltage control constraints, respectively At bus :

(9)
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At bus

(10)

where and are the bus voltage control references
at buses and , respectively. It should be pointed out that the
voltage at a remote bus instead of a local bus may be controlled.

2) Secondary Converter: In operating the M-VSC-HVDC,
the secondary converter at bus can be used to control the
voltage magnitude at its terminal bus . This is given by

(11)

where is the bus voltage control reference.
In addition to the voltage control constraint (11), the sec-

ondary converter is also used to balance the active power ex-
change among the converters. Such an active power balance
constraint is given by (3).

E. Voltage and Current Constraints of the M-VSC-HVDC

The voltage constraint of each converter is

(12)

where is the voltage rating of the converter while
is the minimal limit for the injected VSC voltage.

is the actual voltage of the converter.
The current through each VSC should be within its thermal

capability

(13)

where is the current rating of the VSC converter while
is the actual current through the converter, which is given

by

(14)

F. Modeling of M-VSC-HVDC in Newton Power Flow

For the three-terminal VSC-HVDC shown in Fig. 2, the
Newton equation including power mismatches at buses , and

and control mismatches may be written as

(15)

where
incremental vector of state variables, and

;
—incre-

mental vector of bus voltage angles and magni-
tudes;

—incremental vector of state variables of
the M-VSC-HVDC;
M-VSC-HVDC bus power mismatch and control
mismatch vector, and ;

power
mismatches.

—control mismatches of the
M-VSC-HVDC;

System Jacobian matrix.
In the above formulation, PQ control mode is applied to the

primary converters and . If however, PV control mode is ap-
plied to the primary converters, the reactive power flow con-
trol mismatch equations such as (6) and (8) in should be
replaced by the voltage control mismatch (9) and (10), respec-
tively. It can be found that in the Newton formulation of (15), the
implementation of PQ control mode for a primary converter has
the same dimension and the similar Jacobian matrix structure
as that of PV control mode for that converter. In addition, han-
dling of internal voltage and current limits, as will be discussed
in the next, will not affect the dimension and basic structure of
the Jacobian matrix in (15). The above features are in particular
desirable for incorporation of the M-VSC-HVDC in production
grade program since the complexity of such a multi-converter
HVDC.

G. Handling of Internal Voltage and Current Limits of the
M-VSC-HVDC

1) Primary Converters: If the voltage or current limit of a
primary converter is violated, the voltage or current is simply
kept at the limit while the reactive power control (for PQ control
mode) or voltage control (for PV control mode) is released.

2) Secondary Converter: If the voltage or current limit of a
secondary converter is violated, the voltage or current is simply
kept at the limit while the voltage control is released.

H. Comparison of the M-VSC-HVDC to the GUPFC

In principle, the M-VSC-HVDC with all converters being
co-located in the same substation can be used to replace a
GUPFC for voltage and power flow control purposes. Here we
try to discuss the different characteristics of the M-VSC-HVDC
and the GUPFC when they can be used interchangeably. Mod-
eling of the GUPFC for steady state voltage and power flow
control is referred to [4].

1) Converter Power Ratings: The power rating of a primary
converter of the M-VSC-HVDC may be higher than that of a
corresponding series converter of the GUPFC since the voltage
rating of the former is higher that of the latter. Hence, the power
rating of the secondary converter of the M-VSC-HVDC may be
higher than that of the shunt converter of the GUPFC.

It can be anticipated that the investment for the M-VSC-
HVDC may be higher than that for the GUPFC.

2) Voltage and Power Control Capability: Basically, the
GUPFC can be used to control bus voltage by its shunt con-
verter, and it can provide independent active and reactive power
flows by its series converters.

The M-VSC-HVDC can control bus voltage by its secondary
converter, and it can provide independent active and reactive
power flows by its primary converters. In addition, the primary
converters of the M-VSC-HVDC can alternatively control bus
voltages instead of reactive powers. In contrast, the series con-
verters of the GUPFC have relatively limited voltage control
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Fig. 3. Generalized M-VSC-HVDC with a DC network.

capability. Hence, generally speaking, the M-VSC-HVDC may
have stronger voltage control capability than that of the GUPFC.

III. GENERALIZED M-VSC-HVDC MODEL WITH

INCORPORATION OF DC NETWORK EQUATION

A. Generalized M-VSC-HVDC

In Section II, the M-VSC-HVDC model is only applicable
to situations when the converters are co-located in a substation.
In the mathematical model and the Newton power flow algo-
rithm in Section II, explicit representation of the DC link is not
required. Instead, the active power balance (3) is applied to rep-
resent the effect of the DC link. However, if the M-VSC-HVDC
converters are not co-located in a substation, then the DC net-
work of the M-VSC-HVDC needs to be explicitly represented.

For the sake of simplicity, we assume the M-VSC-HVDC
shown in Fig. 2 is extended to the generalized M-VSC-HVDC in
Fig. 3. In Fig. 3, a DC network is explicitly represented, which
consists of three DC buses and three DC lines. The VSC con-
verters are coupled with the DC buses , respectively,
and the DC buses are interconnected via the DC lines. The DC
bus voltages and are state variables of the DC
network.

A VSC converter may not be lossless. As has been discussed
in Section II-C, each VSC converter losses consist of two terms.
The first term, which is proportional to it AC terminal current
squared, can be included into the transformer impedance as an
equivalent resistance. There are two approaches to represent the
losses of the second term. The first approach is that as suggested
in [11], the second term of each converter may be represented
by an equivalent resistance in parallel with its DC coupling ca-
pacitor in Fig. 3. The second approach is that the second term
of each converter, which is almost constant, may be represented
by . can be represented as a power
injection to the DC bus and the direction of is leaving
the positive terminal of the DC bus . It should be pointed out
here that in the Generalized M-VSC-HVDC model here, the
equivalent resistance approach for representing the losses of the
second terms is preferred since there is an explicit DC network
representation for the Generalized M-VSC-HVDC here and the

equivalent resistances can be directly included in the DC net-
work equation that will be introduced next.

B. DC Network Equation

Assuming that the DC lines can be represented by equivalent
DC resistances, and power losses are represented by equivalent
resistances in parallel with the DC buses, the voltage and current
relationships of the DC network may be represented by

(16)

where is the DC network Y-bus matrix.
is the DC bus voltage vector, which is given by

. is the DC net-
work bus current injection vector, which is given by

.
, as defined in (4), is the power exchange of

the VSC converter with the coupling DC link.
In AC power flow analysis, a slack bus should be selected and

usually the voltage magnitude and angle at that bus should be
kept constant. AC slack bus usually serves two roles, such as: 1)
keeping slack bus voltage constant and 2) providing the balance
between generation and load. In the Newton power mismatch
equation of power flow analysis, the relevant row and column
of slack bus are usually removed. Due to similar reasons, for
the DC network voltage eqation (16), a DC slack bus should
be selected and the DC bus voltage should be kept constant.
The selected DC slack bus also has two functions, such as: 1)
providing DC voltage control and 2) balancing the active power
exchange among the converters via the DC network. However,
different from the handling technique for slack bus in AC power
flow analysis, here a DC bus is selected and the voltage of the
DC bus is kept constant and represented by an explicit voltage
control equation. If DC bus is selected as the DC slack bus, we
have the following voltage control equation:

(17)

where is the specified DC voltage control reference.
Equations (16) and (17) are the basic operating constraints

of the DC network. The DC network is mathematically coupled
with the AC terminals of the M-VSC-HVDC via the DC powers

, respectively. Due to the fact that the DC net-
work is represented by the DC nodal voltage equation in (16),
any topologies of the DC network may be modeled without diffi-
culty. In addition, if an energy storage system is connected with
the DC network, it can be included into the DC network equa-
tion.

C. Incorporation of DC Network Equation Into Newton Power
Flow

With incorporation of the DC network into the generalized
M-VSC-HVDC model, the Newton power flow (15) may be
augmented as

(18)
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Fig. 4. Single-line circuit diagram of the IEEE 30-bus system.

where
incremental vector of state variables, and

;
—incre-

mental vector of bus voltage magnitudes and
angles;

—incremental vector of the state vari-
ables of the M-VSC-HVDC;

—incremental
vector of DC state variables;
bus power mismatch and M-VSC-HVDC
control mismatch vector, and

;
bus

power mismatch vector.

—control mis-
match vector of the M-VSC-HVDC;

—DC network bus mismatch
vector;

—System Jacobian matrix.

IV. NUMERICAL EXAMPLES

A. Test Systems

In this paper, numerical results are presented on the IEEE
30-bus system, IEEE 118-bus system and IEEE 300-bus system.
In the tests, a convergence tolerance of 1.0e–12 p.u. (or 1.0e–10
MW/MVAr) for maximal absolute bus power mismatches and
power flow control mismatches is used. The single-line circuit
diagram of the IEEE 30-bus system is shown in Fig. 4. In order
to simplify the following presentation, the M-VSC-HVDC
model proposed in Section II is referred to Model I while the

Generalized M-VSC-HVDC model with incorporation of the
DC network in Section III is referred to Model II.

B. Comparison of the M-VSC-HVDC to the GUPFC

Three cases are given on the IEEE 30-bus systems to compare
the M-VSC-HVDC with the GUPFC.

Case 1) A GUPFC is installed for control of the voltage
at bus 12 and control of active and reactive power
flows in line 12–15 and line 12–16. Suppose two
FACTS buses 15 and 16 are created, and assume
that the sending ends of the two transmission lines
12–15 and 12–16 are now connected with the
FACTS buses 15 and 16 , respectively while the
series converters are installed between buses 12 and
15 , and buses 12 and 16 , respectively. The active
power flows transferred on the two transmission
lines are over 70% of their corresponding base case
active power flows.

Case 2) A M-VSC-HVDC (Model I) is used to replace the
GUPFC in case 1 while the control settings for
voltage and power flows are as the same as that of
case 1. This also means the two primary converters
are using the PQ control mode.

Case 3) This is similar to case 2. But the two primary VSC
converters are using the PV control mode.

In the above cases, the impedances of all the converter cou-
pling transformers are set to p.u. The power flow so-
lutions of cases 1, 2 and 3 are summarized in Table I. In Table I,
the actual power through a converter is defined as the equivalent
voltage of the converter times the current through the converter
(i.e., ). From the results, the following can be seen.

1) The Newton power flow with incorporation of the
M-VSC-HVDC converges in five iterations for cases
2 and 3 with a flat start. Special initialization of VSC
state variables for the M-VSC-HVDC is not needed. In
contrast, the Newton power flow with the incorporation
of GUPFC converges in seven iterations for case 1 with a
special initialization procedure for VSC state variables.

2) The actual power of a VSC converter for the M-VSC-
HVDC is much higher than that of a corresponding VSC
converter for the GUPFC. This supports the observations
made in Section II.

3) It can be anticipated that the investment for the M-VSC-
HVDC is higher than that for the GUPFC. However,
any VSC converter of the M-VSC-HVDC has strong
voltage control capability. In contrast, only the shunt
converter of the GUPFC has strong voltage control ca-
pability. This indicates that in terms of control capa-
bility, the M-VSC-HVDC may be more powerful than
the GUPFC. In principle, the M-VSC-HVDC and the
GUPFC may be used interchangeably.

C. Power Flow and Voltage Control by M-VSC-HVDC

The following test cases on the IEEE 118 bus system are pre-
sented.

Case 4) A three-terminal VSC-HVDC (Model I) is installed
at bus 45 and the sending-ends of line 45–44 and
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TABLE I
POWER FLOW SOLUTIONS ON THE IEEE 30-BUS SYSTEM

line 45–46. Suppose two FACTS buses 44 and 46
are created, and assume that the sending ends of
the two transmission lines 45–44 and 45–46 are
now connected with the FACTS buses 44 and 46 ,
respectively while the three AC terminals of the
M-VSC-HVDC are buses 45, 44 and 46 . A four-
terminal VSC-HVDC is placed at bus 94 and the
sending-ends of line 94–95, line 94–93, and line
94–100. For this four-terminal VSC-HVDC, the ter-
minal buses are 94, 95 , 93 and are created. It
is assumed that PQ control mode is applied to all
the primary converters of the two M-VSC-HVDCs.

Case 5) Similar to case 4. But PV control mode is applied
to all the primary converters of the two M-VSC-
HVDCs.

Case 6) Similar to case 4. But PQ control mode is applied
to some of the primary converters while PV control
mode is applied to the rest of the primary converters.

Case 7) A generalized three-terminal VSC-HVDC (Model
II) is placed at bus 45, bus 44, and bus 46 to re-
place the ac transmission line 45–44 and line 45–46.

TABLE II
RESULTS ON THE IEEE 118-BUS SYSTEM

TABLE III
POWER FLOW SOLUTION FOR CASE 6

A generalized four-terminal VSC-HVDC is placed
at bus 94, bus 95, bus 93 and bus 100 to replace
the transmission line 94–95, line 94–93 and line
94–100. PQ control mode is applied to all the pri-
mary converters.

Case 8) Similar to Case 7, except that PV control mode is
applied all the primary converters.

Case 9) Similar to Case 8, except that PQ control mode is
applied to the primary converter at bus 93.

The test results of cases 4–9 are shown in Table II while the
detailed power flow solution for Case 6 is given by Table III.

Cases 10–15 were carried out on the IEEE 300 bus system. In
these cases, 3 four-terminal VSC-HVDCs and 1 three-terminal
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TABLE IV
RESULTS ON THE IEEE 300-BUS SYSTEM

VSC-HVDC are installed in the system. In Cases 13–15, each
M-VSC-HVDC is connected with AC buses while the AC trans-
mission lines between the AC buses are replaced by DC lines
of the M-VSC-HVDC. The convergence test results for Cases
10–15 are presented in Table IV while power flow solution of
Case 15 is shown in Table V.

From the results presented on the IEEE 30-bus system, IEEE
118-bus system and IEEE 300-bus system, it can be seen that
the Newton power flow algorithm with incorporation of the
M-VSC-HVDC models has demonstrated very good conver-
gence characteristics, and can converge for all cases within
seven iterations with a flat start.

V. CONCLUSION

Two M-VSC-HVDC models suitable for power flow analysis
have been proposed. The first M-VSC-HVDC model (Model I)
assumes that all converters of the M-VSC-HVDC are co-located
in the same substation while the second M-VSC-HVDC model
(Model II) is a general one, in which a DC network can be ex-
plicitly represented. For both the M-VSC-HVDC models pro-
posed, the primary converter can use either PQ or PV control

TABLE V
POWER FLOW SOLUTION OF M-VSC-HVDC OF CASE 15

mode while the secondary converter can provide voltage con-
trol (V control). The Newton power flow algorithm with incor-
poration of the M-VSC-HVDC models proposed performs well
with a flat start. Hence, unlike that for the GUPFC [4], a special
initialization procedure for VSC state variables is not needed.

Numerical results on the IEEE 30-bus system, IEEE 118-bus
system, and IEEE 300-bus system with single M-VSC-HVDC
or multiple M-VSC-HVDCs have demonstrated the computa-
tional performance of the power flow algorithm with incorpora-
tion of the M-VSC-HVDC models.

In the paper, theoretic comparison of the M-VSC-HVDC
(Model I) to the GUPFC has been made. In principle, a
M-VSC-HVDC (Model I) and a GUPFC can be used inter-
changeably while the power ratings of converters of the former
should be higher than that of converters of the latter. This
theoretic conclusion has been further confirmed by numerical
results. However, in comparison to the GUPFC, it has been
found that the M-VSC-HVDC has not only strong active and
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reactive power flow control capability (PQ control mode) but
also strong voltage control capability (PV control mode).
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