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Abstract

In this paper, a blind frequency offset estimator for orthogonal frequency division multiplexing (OFDM) systems over

frequency selective fading channels based on modeling the unknown channel fading gains as deterministic variables is

proposed. In this estimator, the received time domain OFDM samples are first partitioned into subsets, in which

neighboring samples are uncorrelated, leading to a tri-diagonal signal correlation matrix for each subset. The ML cost

functions from each of the subsets are combined to perform frequency offset estimation. Simulation results show that the

proposed frequency offset estimator achieves better performance than the estimators reported in [J.-J. Van De Beek, M.

Sandell, P.O. Borjesson, ML estimation of time and frequency offset in OFDM systems, IEEE Trans. Signal Process. 45

(July 1997) 1800–1805] and [X. Ma, G.B. Giannakis, S. Barbarossa, Non-data-aided frequency-offset and channel

estimation in OFDM: and related block transmission, IEEE ICC’01, June 2001, pp. 1866–1870]. Moreover, although the

power delay profile needs to be known in deriving the proposed estimator, simulation and analytical results show that the

performance of the proposed estimator is not sensitive to variation in the power delay profile.

r 2006 Elsevier B.V. All rights reserved.

Keywords: Blind frequency offset estimator; Maximum likelihood; OFDM; Frequency selective fading channel; Frequency

synchronization
1. Introduction

Orthogonal frequency division multiplexing (OFDM) systems are vulnerable to frequency synchronization
errors that result in the loss of orthogonality among subcarriers and thus the substantial degradation of error
probability performance. Therefore, frequency offset needs to be estimated and compensated before symbol
detection is performed.

Blind frequency offset estimators, which do not rely on the transmission of pilot symbols, have recently
received considerable attention because they are bandwidth efficient. In [1], a maximum likelihood (ML)-
based blind joint symbol timing and frequency offset estimator was studied for OFDM systems over additive
white Gaussian noise (AWGN) channel, based on modeling the transmitted OFDM signals as Gaussian
e front matter r 2006 Elsevier B.V. All rights reserved.
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random variables. In [2], a blind joint estimator similar to that in [1] was proposed based on assuming that the
received OFDM signals over time varying frequency selective fading channels can also be modeled as
Gaussian random variables. In [3], a correlation-based frequency offset estimator was proposed by exploiting
the redundancy of cyclic prefix (CP). In [4], a blind frequency offset estimator utilizing the phase shift
introduced by the presence of frequency offset was obtained for OFDM systems with unused subcarriers
(virtual subcarriers), and by oversampling the received OFDM signals by a factor of two. All these above
mentioned estimators were either frequency offset or joint symbol timing and frequency offset estimators,
which are derived based on only one or two received OFDM symbols. In contrast, for several other blind
estimators reported in the literature, observation of multiple OFDM symbols at the receiver is needed to
guarantee the estimation performance. In [5,6], a subspace-based blind estimator and its equivalent ML-based
frequency estimator that take advantage of virtual subcarriers were investigated. In [7], an estimator based on
the second order cyclostationarity of received signals was proposed, where a few 100 OFDM symbols were
observed to guarantee the estimation performance. A feedback frequency offset estimator, where the ML
estimate is obtained iteratively, was proposed in [8]. In general, to obtain the frequency offset estimate, some
estimators need the knowledge of SNR and power delay profile to perform estimation [1,8,2], while for some
other estimators, such information is not required [3–7].

Fast ML-based blind frequency offset estimators that observe only one OFDM symbol to achieve reliable
estimation are desirable for applications with stringent delay requirement. The blind estimator studied in [1]
was derived for AWGN channels. It works reliably in AWGN channels, but its performance is degraded
considerably when used over frequency selective fading channels. In order to obtain a ML cost function
leading to an estimator with closed form expression for frequency selective fading channels, Lv et al. [2]
removed the need to specify the distribution of the channel gains by approximating the received OFDM
signals as Gaussian random variables. In this paper, we propose a blind frequency offset estimator that is also
based on one received OFDM symbol. In this proposed estimator, channel gains are treated as deterministic
unknown variables estimated together with the frequency offset. However, conditioned on channel fading
gains, the signal correlation matrix with many non-zero entries is expected since neighboring received OFDM
samples are correlated in the presence of multipath, and an ML estimator with closed form expression is
difficult to obtain. In order to solve this problem, we propose to partition the received time domain OFDM
samples into a few subsets, in which neighboring samples are uncorrelated. The partitioning and
reconstruction of the received OFDM samples result in a tri-diagonal signal correlation matrix for each
subset leading to a practical estimation algorithm. The details on the partitioning of the received samples into
subsets and the derivation of the proposed estimator based on these subsets will be elaborated in Section 2. Its
performance will be compared with that of the estimators reported in [1,3] in Section 3.

2. Proposed estimators

Consider an OFDM transmission over frequency selective fading channels. The maximum delay spread
(normalized to Ts ¼ 1=B, where B is the OFDM system bandwidth) is L. The CP with length of Ng samples is
appended to the beginning of each OFDM symbol. Normally, NgXL is assumed to avoid inter-symbol
interference and the resultant redundancy can be used to perform efficient synchronization [9]. We assume that
the symbol timing synchronization of the OFDM system has been achieved so that the receiver knows exactly
where the OFDM symbol starts. A complete OFDM symbol containing N þNg samples is observed. The
received samples for one OFDM symbol can be written in a compact vector form as

r ¼ ½r1; r2; . . . ; rNg
; . . . ; rNþNg

�, (1)

where the kth received sample is given by

rk ¼
XLp�1

l¼0

hlsk�le
jð2pk�=NÞ þ wk; k ¼ 1; . . . ;N þNg. (2)

The symbol sk in (2) denotes the transmitted time domain signal sample and s2s ¼ E½sks�k� is the symbol energy.
The transmitted signal sk can be modeled as a Gaussian random variable but not white due to the existence of
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CP [1]. The channel fading gain for the lth path, hl (for l ¼ 0; . . . ;Lp � 1Þ, is assumed to be a complex
Gaussian random variable with variance s2l . We consider a slow fading channel so that hl remains unchanged
over a few OFDM symbols. hl for different paths is independent of each other. The parameter Lp denotes the
instantaneous number of delay paths and might vary with changing transmission environments. Normally, for
most mobile applications, the knowledge of Lp is not known a priori, unless it is estimated instantaneously at
the receiver. wk is AWGN with variance s2w, and � is the normalized frequency offset and j�jp1

2
.

From (2), it can be seen that the received OFDM signal is not exactly Gaussian distributed, because it is the
sum of products between two Gaussian distributed random variables hl and sk. However, conditioned on
channel fading gains hl , rk is a Gaussian random variable. If hls are treated as nuisance parameters (which do
not need to be estimated), the conventional ML (or unconditional ML, UML) cost function is given as [10]

Lðrj�Þ ¼
Z
h

Lðrj�; hÞf hðhÞdh, (3)

where

Lðrj�; hÞ ¼
1

pNþNg jChj
e�r

HC�1h r (4)

is the conditional ML (CML) cost function conditioned on h. It can be seen that the CML cost function is
obtained by treating h as deterministic instead of random variables. f hðhÞ is the joint probability density
function (p.d.f.) of h. The superscript ð�ÞH denotes complex conjugate transpose. Ch ¼ Eh½rr

H� is the ðN þ
NgÞ � ðN þNgÞ signal correlation matrix conditioned on the fading gains h ¼ ½h0; . . . ; hLp�1�.

The ði; kÞth element, Chði; kÞ, of signal correlation matrix Ch, is given as

Chðj; kÞ ¼

s2s
PLp�ðk�iÞ�1

l¼0 hlh
�
lþðk�iÞ

e�j2pðk�iÞ�=N þ s2wdði � kÞ 8 0pk � ipLp � 1;

s2s
Pi�1

l¼0 jhlj
2e�j2p� 81pipLp � 1; k ¼ i þN;

s2s
PLp�1

l¼0 jhl j
2e�j2p� 8LppipNg; k ¼ i þN;

s2s
PLp�1

l¼i�Lp
jhl j

2e�j2p� 8Ng þ 1pipNg þ Lp � 1; k ¼ i þN;

0 otherwise:

8>>>>>>>>>><
>>>>>>>>>>:

(5)

In (5), we only show the upper diagonal elements with k4i. However we should note that Chðk; iÞ ¼ C�hði; kÞ,
where ð�Þ� denotes the complex conjugate.

The frequency offset estimator based on (3) is obtained as

�̂ ¼ arg max
�

Lðrj�Þ. (6)

Due to the complicated form of the matrix Ch and the multi-variable integration in (3), it is difficult to simplify
(6) into a form easy for implementation. An approach to remove the need to specify the p.d.f. of h in the UML
cost function in (3) is to directly assume that the received signal is approximately Gaussian distributed, as in
[2]. This will then result in a simpler ML cost function similar to that in [1] for AWGN channel.

Now we examine the estimators based on the CML approach, where hls (for l ¼ 0; . . . ;Lp � 1Þ are treated as
deterministic variables estimated together with the frequency offset. The ML cost functions of the new
estimator are thus given by (4), rather than by (3) where hls are modeled as random variables. The joint
channel and frequency offset estimator is thus given as

�̂; ĥ ¼ arg max
�;h

Lðrj�; hÞ. (7)

However, from (4) and (5), we can also see that a closed form expression for this joint estimator is difficult to
obtain since the neighboring OFDM samples are correlated as shown in (2).

Therefore, we propose a method to obtain a practical frequency offset estimator based on the CML
approach. In this new estimator, we partition the received signal samples of the observed OFDM symbol given
in (1) into a number of subsets. The frequency offset estimate is derived based on the CML cost function of the
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resulting subsets. We will show that the new frequency estimator can be expressed in a closed form and thus
can be implemented easily.
2.1. Partitioning of OFDM signals

Ideally, the subset is constructed by picking up the OFDM received samples given in (1) separated by a
number of Lp samples. However, in this paper, we assume that Lp which describes the instantaneous number
of delay paths is not estimated and hence its value is not available at the receiver. To cater for the variation of
Lp with changing transmission environments, each subset is formed by picking up the received OFDM
samples separated by the maximum number of delay paths L (rather than Lp), as shown in Fig. 1. To this end,
the knowledge of L is a prerequisite. The effect of LpoL on the accuracy of the estimator will be investigated
in Section 3.

With this partitioning, the vector given in (1) is now divided into a number of ð2L� 1Þ non-overlapping
subsets. In the following, we show that, for the mth subset, the signal correlation matrix Ch;m becomes tri-
diagonal, for m ¼ 1; . . . ;L. Hence, an estimator with closed form expression can be easily obtained based on
Ch;m, m ¼ 1; . . . ; 2L� 1.

Assuming that n ¼ Ng � PL, where P ¼ bNg=Lc, and bxc denotes the largest integer smaller than x. For
m ¼ 1; . . . ; ð2L� 1Þ, the subsets rm obtained after the partitioning are shown as follows:
(1)
 For m ¼ 1

r1 ¼ ½ rL; r2L; . . . ; rPL|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
P ISI free CP samples;I1

; . . . ; rQL; rLþN ; r2LþN ; . . . ; rPLþN|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P data samples;I 01

�. (8)

Here Q ¼ bN=Lc denotes the number of samples between the first ISI free sample and its data replica in
each subset.
(2)
 For m ¼ 2; . . . ; nþ 1

rm ¼ ½rLþm�1; r2Lþm�1; . . . ; rPLþm�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P ISI free CP samples;Im

; . . . ; rðQ�1ÞLþm�1,

rLþNþm�1; r2LþNþm�1; . . . ; rPLþNþm�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P data samples;I 0m

�. ð9Þ
cyclic prefix
(Ng samples)

(Ng samples)

time

r1

r2L rPL+m−1

rQL = rN
rPL+N=
rN+Ng

r1+N

rL
rPL

r1

rL+m−1
r2L+m−1

rN+2L

rm

rN+L

rN+L+m−1

P ISI free CP samples P data samples

(P−1) ISI free CP samples (P−1) data samples
IS

 impaired
sample 

Fig. 1. Illustration of sub-vector rm for Q ¼ N=L; u ¼ 0.
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For m ¼ nþ 2; . . . ;L
(3)
rm ¼ ½rLþm�1; r2Lþm�1; . . . ; rðP�1ÞLþm�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðP�1Þ ISI free CP samples;Im

; . . . ; rðQ�1ÞLþm�1,

rLþNþm�1; r2LþNþm�1; . . . ; rðP�1ÞLþNþm�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðP�1Þ data samples;I 0m

�. ð10Þ
(4)
 For m ¼ Lþ 1; . . . ; 2L� 1

rm ¼ ½rm�L; rm�LþN �. (11)
In (8)–(10), the sets ‘‘Im’’ and ‘‘I 0m’’ denote the ISI free CP samples and their data replicas contained in the mth
subset, respectively. For example, Im ¼ frLþm�1; . . . ; rðP�1ÞLþm�1g and I 0m ¼ frLþNþm�1; . . . ; rðP�1ÞLþNþm�1g in
(10). In these subsets, in order to maintain a neat cross correlation matrix as shown later in this section, the
received OFDM samples from r1 to rL�1 and from rNþ1 to rNþL�1 are not included. Furthermore, the samples
rQL and rLþN in (8), and the samples rðQ�1ÞLþm�1 and rLþNþm�1 in (9) and (10), might be separated by more
than L samples if Q ¼ bN=LcaN=L. This is because we need to maintain the correlation between rL and rLþN

in (8), and the correlation between rLþm�1 and rLþNþm�1 in (9) and (10). It should also be noted that, in (8) and
(9), the samples rNþm�1 are removed, since these samples are included in the subsets given in (11). For
example, for m ¼ 2 and N ¼ QL, rQLþm�1 ¼ rNþ1, which is also the sample contained in (11) for m ¼ Lþ 1.

From (8) to (11), we see that the received samples for one OFDM symbol are now divided into 2L� 1
subsets.

Among the first L subsets, there are ðnþ 1Þ subsets containing a number of P ISI free CP samples as shown
in (8) and (9), and the remaining ðL� n� 1Þ subsets have ðP� 1Þ ISI free CP samples as shown in (10). The
illustration of r1; rm (where nþ 2pmpL) for N ¼ QL and n ¼ 0 are shown in Fig. 1.

The subsets given in (11) contain the received OFDM samples from r1 to rL�1, which are corrupted by the
preceding OFDM symbol. However, since these samples contain the transmitted CP samples, in our algorithm
they will also be exploited to estimate the frequency offset.

With the above partitioning, for m ¼ 1; . . . ;L, the signal correlation matrix Ch;m for subset rm, conditioned
on hl ðl ¼ 0; . . . ;Lp � 1Þ and � is given as follows:

Ch;mði; kÞ ¼

s2s
PLp�1

l¼0 jhlj
2 þ s2w; k ¼ i;

s2s
PLp�1

l¼0 jhlj
2e�j2p�; k ¼ i þQ;

0 otherwise:

8>><
>>: (12)

Note that, unlike (5), (12) has non-zero elements in only three diagonals. Our approach now becomes clear
that it is to partition the OFDM samples into subsets that consist of uncorrelated neighboring samples.
Therefore, each subset has a signal correlation matrix which is similar to that reported in [1] for AWGN
channels, however, is a function of hl in our case. Without such partitioning, the estimator proposed in [1]
cannot be extended to OFDM systems over frequency selective fading channels, since the received time
domain OFDM samples are correlated as shown by (5) and thus it is impossible to obtain a ML cost function
having the form of the ML function reported in [1].

For m 2 fLþ 1; . . . ; 2L� 1g, the signal correlation matrix Ch;m has a dimension of 2� 2 and its elements are
given by

Ch;mði; kÞ ¼
s2s
PLp�1

l¼0 jhlj
2 þ s2w; k ¼ i;

s2s
Pm�Lp�1

l¼0 jhlj
2e�j2p�; k ¼ i þ 1:

8<
: (13)
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2.2. Computation of cost function for rm

After the above partitioning, substituting (12) into (4) and with some manipulations, conditioned on � and g,
where

g ¼
s2s
s2w

XLp�1

l¼0

jhl j
2, (14)

the ML cost function for rm (for m ¼ 1; . . . ;L) can be expressed as

Lð1Þðrmj�; gÞ ¼
Y

keIm[I 0m

1

ps2wðgþ 1Þ
e�jrmðkÞj

2=ðs2wðgþ1ÞÞ

�
Y
k2Im

1

p2s4wð2gþ 1Þ
�e�½ðgþ1ÞðjrmðkÞj

2þjrmðkþQÞj2Þ�2gRefej2p�rmðkÞr
�
mðkþQÞg�=s2wð2gþ1Þ, ð15Þ

where rmðkÞ denotes the kth element of rm.
In (15), since the ML function can be expressed as a function of g, the conditional ML on h can now be

changed to the conditional ML on g. The ML cost function given in (15) now has a much simpler form than
the one given in (7) which involves the signal correlation matrix given in (5). This is the direct consequence of
the uncorrelatedness of the neighboring samples in each subset.

Likewise, substituting (13) into (4), the ML cost function for rm where m ¼ Lþ 1; . . . ; 2Lþ 1 is given as

Lð2Þðrmj�; g; g1;mÞ ¼
1

p2s4wðg2 þ 2gþ 1� g21;mÞ

�e�½ðgþ1Þðjrm�Lj
2þjrm�LþN j

2Þ�2g1;mRefej2p�rm�Lr�
m�LþN

g�=s2wðg
2þ2gþ1�g2

1;mÞ, ð16Þ

where

g1;m ¼
s2s
s2w

Xm�L�1

l¼0

jhl j
2. (17)

Since each subset consists of only two samples, rm�L and rm�LþN , (16) is much simpler than (15).
After omitting the constant terms, the log-likelihood function of (15) can be simplified as

Lð1Þlogðrmj�; gÞ ¼ �
X

keIm[I 0m

logðgþ 1Þ þ
jrmðkÞj

2

s2wðgþ 1Þ

� �

�
X
k2Im

logð2gþ 1Þ �
ðgþ 1ÞFm � 2gRefjCmje

jðffCmþ2p�Þg

s2wð2gþ 1Þ
, ð18Þ

where ffCm denotes the argument of Cm and

Fm ¼
X
k2Im

½jrmðkÞj
2 þ jrmðk þQÞj2�, ð19Þ

Cm ¼
X
k2Im

rmðkÞr
�
mðk þQÞ ¼ jCmje

jffCm . ð20Þ

Similarly, the log-likelihood function of (16) can be simplified as

Lð2Þlogðrmj�; g; g1;mÞ ¼ � logðg2 þ 2gþ 1� g21;mÞ

�
ðgþ 1Þðjrm�Lj

2 þ jrm�LþN j
2Þ � 2g1;mRefej2p�rm�Lr�m�LþNg

s2wðg2 þ 2gþ 1� g21;mÞ
. ð21Þ
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2.3. Derivation of frequency offset estimator

As shown in (15) and (16), we have one ML cost function for each subset. The total number of ML cost
functions from all subsets will be ð2L� 1Þ. Each ML function can be used to obtain the frequency offset
estimate. However, since each subset might contain a different number of OFDM samples, the accuracy of the
frequency offset estimate obtained from each ML function might be different. An effective method is then
needed to combine the ML functions from all subsets together to derive the frequency offset estimate �̂.

In order to make a full use of the subsets, we propose an estimator given by

�̂I ¼ arg max
�

XL

m¼1

Lð1Þlogðrmjĝ; �Þ þ
X2L�1

m¼Lþ1

Lð2Þlogðrmjĝ; ĝ1;m; �Þ

( )
, (22)

where ĝ and ĝ1;m are the estimates of g and g1;m, respectively.
From (22), it can be seen that, to obtain the frequency offset estimate, it is sufficient to estimate g and

g1;mðm ¼ l þ 1; . . . ; 2L� 1Þ instead of h, because the proposed estimator can be expressed as a function of g
and g1;m which are related to h, as are given in (14) and (17). In the following, we will show how to obtain ĝ
and ĝ1;m.

(1) The derivation of ĝ
In order to obtain ĝ, a coarse estimator is proposed as follows:

fĝ; �̂cg ¼ arg max
g;�

XL

m¼1

Lð1Þlogðrmjg; �Þ

( )
, (23)

where Lð1Þlogðrmjg; �Þ is given in (18). Note that in (23), only the subsets rm for ðm ¼ 1; . . . ;LÞ are used for this
coarse estimation. Substituting (18) into (23), we obtain

fĝ; �̂cg ¼ arg max
g;�
�
XL

m¼1

X
keIm[I 0m

logðgþ 1Þ þ
jrmðkÞj

2

s2wðgþ 1Þ

� �8<
:

8<
:

�
X
k2Im

logð2gþ 1Þ

9=
;� gþ 1

2gþ 1
Fþ Re

2gjCjejðffCþ2p�Þ

s2wð2gþ 1Þ

� �9=
;, ð24Þ

where F ¼
PL

m Fm and C ¼
PL

m Cm.
From (24), we observe that, conditioned on g,

PL
m¼1L

ð1Þ
logðrmj�; gÞ achieves the maximum value when

ejffðCþ2p�Þ ¼ 1. Therefore, the coarse estimate of � can be obtained as

�̂c ¼ �
1

2p
ffC. (25)

This coarse frequency offset estimator is actually the frequency offset estimator given in [3] which uses ISI free
CP samples to perform frequency offset estimation.

Using (25), and (24) can be further rewritten as

ĝ ¼ arg max
g
�
XL

m¼1

X
keIm[I 0m

logðgþ 1Þ þ
jrmðkÞj

2

s2wðgþ 1Þ

� �
�
X
k2Im

logð2gþ 1Þ

8<
:

9=
;� gþ 1

2gþ 1
Fþ Re

2gjCj
s2wð2gþ 1Þ

� �8<
:

9=
;.

(26)

The estimate of g can be obtained by solving df
PL

m¼1L
ð1Þ
logðrmjgÞg=dg ¼ 0. From (26), this is equivalent to

solving the following equation:

k0 þ k1gþ k2g2 þ k3g3 ¼ 0, (27)
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where k0 ¼ ð�As2w � 2Ds2w þ Bþ Fþ 2jCjÞ, k1 ¼ ð�5As2w � 8Ds2w þ 4Bþ 2Fþ 4jCjÞ, k2 ¼ ð�8As2w �
10Ds2w þ 4Bþ Fþ 2jCjÞ, k3 ¼ �4s2wðAþDÞ and B ¼

PL
m¼1

P
keIm[I 0m

jrmðkÞj
2. A ¼

PL
m¼1

P
keIm[I 0m

and D ¼PL
m¼1

P
k2Im

are counters that count the number of samples defined by the summations.
From (27), ĝ can be obtained as

ĝ ¼ wþ
a
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ

b
3

	 
3
s2

4
3
51=3

þ
a
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ

b
3

	 
3
s2

4
3
51=3

, (28)

where

w ¼
k2

12s2w
; a ¼

k1
k3
þ

k22
27k23

; b ¼ �
2k32
27k33
þ

k0
k3
�

k2k1
3k23

.

(2) The derivation of ĝ1;m
Normally, after obtaining ĝ, ĝ1;m can be obtained from (21) following the same procedure presented in the

above section. However, we note that, the ML cost function given in (21) is formulated from only two received
OFDM samples so that a high estimation error is expected. Here, we propose to compute ĝ1;m based on the
knowledge of the power delay profile and ĝ.

(a) Exponential power delay profile with decaying factor d
In this case, ĝ1;mðm ¼ Lþ 1; . . . ; 2L� 1Þ is given as

ĝ1;m ¼ ĝ
Xm

s¼Lþ1

1� e�1=d

1� e�L=d
e�ðs�L�1Þ=d. (29)

(b) Uniform power delay profile

ĝ1;m ¼
ðm� LÞĝ

L
. (30)

Note that in (29) and (30), we use L rather than Lp to obtain ĝ1;m. Our simulation results will show later that
the algorithm works well even in the presence of inaccurate knowledge of power delay profile.

(3) The derivation of �̂
After obtaining ĝ and ĝ1;m, substituting (18) and (21) into (22), and replacing g with ĝ and g1;m with ĝ1;m,

respectively, the final frequency offset estimator is given as

�̂ ¼ arg max
g
�D logðĝþ 1Þ � As4wð2ĝþ 1Þ

(

�
B

s2wðĝþ 1Þ
�
ðĝþ 1ÞF
s2wð2ĝþ 1Þ

�
X2L�1

m¼Lþ1

log½ðĝþ 1Þ2 � ĝ21;m� þ Re
2ĝCej2p�

s2wð2ĝþ 1Þ

� �

�
X2L�1

m¼Lþ1

ðĝþ 1Þðjrm�Lj
2 þ jrm�LþN j

2Þ

s2w½ðĝþ 1Þ2 � ĝ21;m�

þRe ej2p�
X2L�1

m¼Lþ1

2ĝ1;mrm�Lr�m�LþN

s2w½ðĝþ 1Þ2 � ĝ21;m�

" #)
. ð31Þ
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From (31), the frequency offset estimate �̂ can be obtained as

�̂ ¼ �
1

2p
ff

2ĝC
s2wð2ĝþ 1Þ

þ
X2L�1

m¼Lþ1

2ĝ1;mrm�Lr�m�LþN

s2w½ðĝþ 1Þ2 � ĝ21;m�

( )

¼
1

2p
ffz. ð32Þ

Compared with the estimator in [3], our proposed estimator uses all the CP samples rather than only the ISI
free CP samples to perform estimation. The frequency offset estimator given in (32) depends on ĝ1;m. From
(29) and (30), we note that in order to obtain ĝ1;m, the power delay profile should be known to the receiver. The
effect of the power delay profile, particularly the effect of L and d, on the performance of the proposed
frequency offset estimator will be investigated in Section 3.

In this study, we begin with ML estimation and end up with an algorithm that only involves the correlation
between the CP samples and their data replicas, as shown in (32). Although we have assumed that NgXL in
the beginning, this is just to ensure a better accuracy. Unlike some of the reported work, our proposed method
still can be applied when NgoL. However, it can be seen from (32) that the first term will vanish and the
estimator can only use ISI corrupted CP samples to perform estimation. Since practical OFDM systems will
use Ng4L [9] to avoid loss of orthogonality, in the following simulations, we only consider the situation when
NgXL. We will show that our proposed algorithm can still give accurate estimation when Ng ¼ L.

3. Simulation results and discussions

In this section, we present the results of simulations that are conducted to investigate the performance of the
proposed frequency offset estimator given in (32). The samples of one OFDM symbol are collected at the
receiver to perform estimation. An OFDM system similar to IEEE 802.11a is used in the simulations. The
system and channel parameters are listed in Table 1. Each path gain is generated randomly and is modeled as a
complex Gaussian random variable independent of the gains of the other paths. The SNR is defined as
SNR ¼ s2s=s

2
w. The simulation results are obtained by averaging over 100,000 runs.

First, we investigate the MSE performance of our proposed frequency offset estimator for various
SNR and for various number of CP samples. Simulation results are shown in Figs. 2 and 3. From Fig. 2, we
can see that as SNR increases, the MSE of our frequency estimator decreases, implying that our estimator is
unbiased. Particularly, we plot the MSE performance for the case of Ng ¼ L in Fig. 2. We can also
see that, when Ng ¼ L, the proposed estimator shows 1–2 dB degradation when compared to the case of
Ng4L. From Fig. 3, we can further observe that the MSE of our frequency estimators is improved as Ng

increases.
Here we also compare the MSE performance achieved by our frequency offset estimator with that achieved

by the estimator studied in [1], and the estimator in [3] with only one OFDM symbol being collected for
estimation. The simulation results are shown in Fig. 2 for Ng ¼ L and in Fig. 4 for Ng4L. From Fig. 2, we
observe that when Ng ¼ L, our estimator performs better than the estimators in [1,3]. From Fig. 4, we can see
that, when Ng4L, our frequency offset estimator always outperforms the estimator in [1] which was designed
for the AWGN channels. At lower SNR, our estimator performs better than the estimator in [3], while at high
SNR, our estimator performs equally well as the estimator in [3]. The reason might be that our proposed
estimator exploits all CP samples, while the estimator in [3] uses only ISI free CP samples for estimation. The
more samples we use for estimation, the better estimation performance we can expect. Specifically, when
Ng ¼ L, the estimator in [3] uses only one ISI free sample to perform estimation and thus results in severe
performance degradation. From Fig. 4, we can conclude that, with smaller Ng, the performance improvement
achieved by our estimator over the estimator in [3] is more significant.

In our algorithm, since Lp is not estimated, the knowledge of Lp is not available at the receiver. We
have used the maximum number of delay paths L in deriving the proposed estimator. This does not affect
the assumption of uncorrelated neighboring samples in each subset since LXLp, but it changes the
number of summation terms in (26), (32), the number of OFDM samples contained in each subset and the



ARTICLE IN PRESS

Table 1

Simulation parameters

N 64

Ng 16

Modulation QPSK

Channel fading Rayleigh

Power delay profile Exponential with decaying factor d ¼ 5

No. of delay paths L ¼ 12 (unless explicitly stated)
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Fig. 2. MSE of proposed frequency estimator versus SNR.
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computation of ĝ1;m. We now investigate how the channel power delay profile affects the MSE performance
of our frequency estimator by simulation. Simulation results are shown in Figs. 5 and 6, for L ¼ 12 and
Ng ¼ 16.

From Fig. 5, we can see that when LpoL, the MSE performance degradation caused by unknown Lp is
insignificant. The reason causing this insensitiveness of �̂ to Lp is as follows. On one hand, without the
knowledge of Lp, each subset is constructed by picking up the received OFDM samples separated by L rather
than Lp samples, the resultant number of OFDM samples in each subset decreases, since LpoL always holds
true. On the other hand, the number of resulting subsets increases with L, since the total number of subsets is
given by 2L� 1. Eventually, almost all the OFDM samples are used in (24) to estimate g, while almost all the
CP samples are used in (32) to estimate �, like the case of L ¼ Lp. To this end, the effect of Lp on the estimate �̂
will be insignificant.

Next we investigate the effect of decaying factor of d on the performance of our proposed estimator. In the
estimation, the actual d ¼ 5. Assuming that this knowledge is not known or not correctly estimated by the
receiver, instead, d ¼ 3 and 10 are used to perform estimation. The simulation results are shown in Fig. 6. The
results also show that the imperfect knowledge of d does not cause a noteable performance degradation.

In the following, we attempt to analyze the dependence of the frequency estimate �̂ on d by investigating its
derivative with respect to d, or d�̂=dd. Since ĝ given in (28) is not an explicit function of d, based on (32) d�̂=dd
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can be given as

d�̂

dd
¼ �

1

2p½ImðzÞ�2 þ ½ReðzÞ�2
ReðzÞ

d½ImðzÞ�

dd
� ImðzÞ

d½ReðzÞ�

dd

� �
, (33)

where ReðzÞ and ImðzÞ denote the real and imaginary part of the complex variable z which is given in (32),
respectively. Since d is real, d½ReðzÞ�=dd ¼ Reðdz=ddÞ and d½ImðzÞ�=dd ¼ Imðdz=ddÞ. To obtain d�̂=dd, we only
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need to derive dz=dd. Using (32), we have

dz

dd
¼

X2L�1

m¼Lþ1

2rm�Lr�m�LþN ½ðgþ 1Þ2 þ ðĝ1;mÞ
2
�

s2w½ðĝþ 1Þ2 � ðĝ1;mÞ
2
�2

dĝ1;m
dd

. (34)
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Based on (29), we have

dĝ1;m
dd
¼

Xm

m¼Lþ1

½1� e�L=d�½s� L� 1� ðs� LÞe�1=d� þ L½1� e�1=d�e�L=d

d2eðs�L�1Þ=dð1� e�L=dÞ
2

. (35)

The absolute value of the mean of d�̂=dd or jEðd�̂=ddÞj is obtained by simulations and the results are plotted in
Fig. 7 for various � and d. It can be seen that jEðd�̂=ddÞj is of the order of 10�3 in low SNR regime (o2 dB in
our example), and decreases to the order of 10�7 at high SNR regime ð420 dBÞ. For the case of � ¼ 0:3;Dd ¼ 5
(corresponding to the case that the actual d ¼ 5 but d ¼ 10 is used in the estimation), d�̂ � 0:01 for
SNR ¼ 0 dB, d�̂ � 10�6 for SNR ¼ 20 dB. Compared to the actual frequency offset �, d�̂ is very small. This
observation explains the fact that �̂ is not sensitive to d.

In conclusion, in this paper, we have proposed a new frequency offset estimator based on the ML principle
for OFDM systems over frequency selective fading channels. The proposed frequency offset estimator
outperforms the estimator in [1]. At low SNR, the proposed estimator has better MSE performance than the
estimator in [3], while at high SNR, our proposed estimator performs equally well as the estimator in [3].
Although the knowledge of channel power delay profile is needed in the derivations of our proposed estimator,
simulation results show that the performance of our proposed estimator is not sensitive to the accuracy in
estimating the channel power delay profile.
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